GLOBAL REGULARITY OF WAVE MAPS FROM R^+i TO 

JOACHIM KRIEGER 



Abstract. We consider Wave Maps with smooth compactly supported initial 
data of small H^/^-norm from R^+-'- to hyperbolic 2-space and show that they 
stay smooth globally in time. Our methods are based on the introduction of 
a global Coulomb Gauge as in jl^ , followed by a dynamic separation as in 
1^. We then rely on an adaptation of T.Tao's methods used in his recent 
breakthrough result . 



1. Introduction 



Let M be a Riemannian manifold with metric (gij) = g. A Wave Map u : R"^-'" 
M, n > 2 is by definition a solution of the Euler-Lagrange equations associated 
with the functional u — > /j^„+i < daU,d"u >g da. Here the usual Einstein sum- 
mation convention is in force, while da denotes the volume measure on R"^-'" with 
respect to the standard metric. In local coordinates, u is seen to satisfy the equation 

au, + T)^{u)d^u,d''uk = (1) 

where r*^. refer to the Riemann-Christoffel symbols associated with the metric g. 
The relevance of this model problem arises from its connections with more complex 
nonlinear wave equations of mathematical physics: for example, Einstein's vacuum 
equations under [/(l)-symmetry attain the form of a Wave Maps equation coupled 
with additional elliptic equations. 



We are interested in the well-posedness of the Cauchy problem for (yj) with initial 
data u[0] x (?tu[0] at time t — in i/* x H'^^^. Classical theory relying on the energy 
inequality and Sobolev inequalities allows one to deduce local well-posedness in H"^ 
for s > f + 1. 

Ideally, one would like to prove local well-posedness in H^, as this would imme- 
diately imply global in time well-posedness. The reason for this is that is the 
Sobolev space invariant under the natural scaling associated with (^. Unfortu- 
nately, it is known that "strong well-posedness" in the sense of analytic or even 
C^-dependence on the initial data fails at the if "2 -level, n > 3. Thus the best 
result to be hoped for is global regularity of Wave Maps with initial data of small 
if a' -norm. 

In two space dimensions, the scale invariant Sobolev space coincides with the classi- 
cal H^, and numerical data as well as the conjectured non-concentration of energy 
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suggest global regularity for Wave Maps with arbitrary smooth initial data, provided 
the target is negatively curved^ . This underlines the importance of the hyperbolic 
plane as target manifold. 

In the quest for reaching the critical ^ regularity, local well-posedness for (|l|)with 
initial data in i/^"*"^, e > was proved for n > 3 by Klainerman and Machedon in 
|4j, and for n = 2 in0. Later, Tataru established local well-posedness in the Besov 
space B^'^, [Q, [[l9[ . Note that B^'^ has the same scaling a.s , but unlike the 
latter controls . 

An important breakthrough with respect to global regularity was recently achieved 
by T.Tao in the case of Wave Maps to the sphere ||l6|, proving global regular- 
ity for smooth initial data small in H^: Tao's work exemplifies the importance of 
taking the global geometry of the target into account, an aspect largely ignored by 
the local formulation (^. Embedding the target sphere in an ambient Euclidean 
space, the Wave Maps equation considered by Tao takes the form 

D(j) = -(j,dc,(j)'d°'(j) = -((/)i9a0* - (9a#*)a"(^ (2) 

a as usual runs over the space-time indices 0,l,...n. The nonlinearity encodes 
both geometric (skew-symmetry of ~ da4'*) well as algebraic information 

('null- form' structure). Tao manages to analyze all possible frequency interactions 
of the nonlinearity up to the case in which the derivatives fall on high frequency 
terms while the undifferentiated term has very low frequency. This bad case is then 
gauged away, using the skew-symmetric structure. With this method, which served 
as inspiration for the following developments, as well as sophisticated methods from 
harmonic analysis, Tao manages to go all the way to n = 2(note that the smaller 
the dimension, the more difhcult the problem on account of the increasing scarcity 
of available Strichartz estimates). 

After Tao, Klainerman and Rodnianski |7|, extended this result to Wave Maps form 
pj^n+i^ n > 5 to more general and in particular noncompact targets. More precisely, 
Klainerman and Rodnianski consider parallelizable targets which are well-behaved 
at infinity. Upon introducing a global orthonormal frame {ci}, they define the new 
variables (j)a defined by u^,^a = (f>aei. It turns out that these satisfy the system of 
equations 

dp^l - = q.K^'p (3) 



= -T),^j,(b';m^'< (4) 

^This has been proved by Struwe for Wave Maps to the hyperbolic plane which are corotation- 
ally symmetric 
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where m_a-y is the standard Minkowski metric on R"+-'- and C'jj.,r*j, are defined as 
foUows: 

[ej,efc] = q^e^ (5) 



Ve,efc = rj,e, (6) 



There is again a skew-symmetric structure present in this formulation on account 

of r*j. = Moreover, by contrast with Tao's formulation (||), the boundedness 

of <j> is replaced here by the boundedness of the Cjj, , r*,, . Klainerman and Rodni- 

anski impose in addition the condition that all derivatives of these coefficients be 

bounded, or in their terminology that M be 'boundedly parallelizable.' 

If one now passes to the wave equation satisfied by the vector (pa ■= Wa}, one 

obtains 

□0a = -R^d^'^a + E (7) 

where i?^ is skew-symmetric and moreover depends linearly on 0, provided we as- 
sume the C]fe,r^fc to be constant for simphcity's sake. E \s & cubic polynomial in 
(j). By contrast with (H), the leading term in the nonlinearity is 'quadratic in 
It is now possible to control all possible frequency interactions on the right hand 
side (n > 5) except when is localized to very low frequency while d^^(j) is at large 
frequency. However, as Klainerman and Rodnianski observed, the curvature 

dvRfi — df_iRi, + [Rf_i,Rij] (8) 

when R is reduced to low frequencies is 'very small', in the sense that it is qua- 
dratic in (f), hence amenable to good Strichartz estimates. To take advantage of 
this, they introduce a Coulomb Gauge ^^iRj = 0' which allows one to replace 

the Rfi in by i?^ which is 'quadratic in effectively replacing the nonlinearity 
by a term which is trilinear in (jj and hence easily handled by Strichartz estimates. 
The general philosophy here is that the higher the degree of the nonlinearity, the 
more room is available to apply Strichartz estimates. Klainerman and Rodnianski's 
method is thus similar to Tao's in that it utilizes a microlocal Gauge Change to 
deal with specific bad frequency interactions. 

The last result to be mentioned in this development is the simplification and exten- 
sion of the previous arguments to include the case of 4 4- 1-dimensional Wave Maps 
to esssentially arbitrary targets achieved by Shatah-Struwe and (in more re- 
strictive formulation) Uhlenbeck-Stefanov-Nahmod ||l^ . The former observed that 
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using a Coulomb Gauge, in a similar fashion as above, at the beginning without 
carrying out a frequency decomposition allows one to reduce the nonlinearity to 
a form directly amenable to Strichartz estimates. This allows them to avoid the 
microlocal Gauge Ghange of Tao and leads to a remarkable simplification of the 
argument. In addition, they are also able to treat the case of dimension 4+1. 



The methods in § and [|T| run into serious difficulties for 3 + 1-dimensional Wave 
Maps, and even more so for 2 + 1-dimensional Wave Maps. This can be seen intu- 
itively as follows: 

The global Coulomb Gauge puts the leading terms of the nonlinearity roughly into 
the form D~^{4>^)D(j). In dimensions 4 and higher, Shatah and Struwe can estimate 
such terms relying on the Strichartz type inequality for Lorentz spaces 



Mi^Li-^^ < ciiD^iLiH^ + c\m\\Hi-^ (9) 

where a = ^ — 2. This can be used to estimate the LjL!^-norm of D~^{(j>^). ^ 
However, in three space dimensions, the above estimate fails. In order to handle 
the case when D~^{(jP') has much lower frequency that one would have to use 
an endpoint _L!^-Strichartz estimate, which is false, even replacing the _L!^-norm 
by BMO, sec . 



The present paper starts with the basic formulation (|^), (|^) of Klainerman and Rod- 
nianski applied to the simplified context of H^, but utilizes the Coulomb Gauge 
right at the beginning as do Shatah and Struwe. The main innovation over the 
preceding then is to introduce a special null-structure into the nonlinearity by way 
of what we term a dynamic separatioT^ a method introduced first in j^: in our 
context, we introduce twisted variables ipa '■= G~^^4'a in complex notation for some 
potential function $, and utilize the div-curl system satisfied by these to split them 
into a dynamic part, which has the form of a gradient, and an elliptic part, which 
satisfies an elliptic div-curl system. Substituting these components into the nonlin- 
earity results in a fairly complicated trilinear null-structure ^, as well as error terms 
which are at least quintilinear in (jj. 

In order to estimate the trilinear null-structure, we have to utilize the technical 
framework set forth in [|6|. Also, as we are at the level of the derivative with re- 
spect to u in (|l|) (and hence lose one degree of differentiability), we have to modify 
several key lemmata of Tao for our purposes in the case of high-high interactions. 
Moreover, we have to prove a Gauge Change estimate (Theorem 3.1) which is new 
for the spaces introduced in This Gauge Change result clearly breaks down 

for 2 -I- 1-dimensional Wave Maps, and so there is little hope to extend our result 
to that case by following the same route. 

However, our result does extend to more general and in particular higher-dimensional 



^Alternatively, as pointed out by Klainerman and Rodnianski, one can utilize an improved 
bilinear version of Strichartz estimates in to handle these cases. 
•^This terminology was suggested by S. Klainerman 

^This is to be contrasted with the null-structure in ti, which is bilinear 
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targets. Details on this shall be contained in a forthcoming note. 

Our main theorem is the following: Denote the 2-dimensional hyperbolic plane by 
= R X R>o. We utilize standard coordinates {x,y) e R x R>o, with respect 
to which the metric becomes dg = '^^ '^^^ . 

A Wave Map will be described in terms of a pair of functions (a;, y) on R^+-'- with 
range as specified in the preceding paragraph. Then we have the theorem 

Theorem 1.1. Let M he the hyperbolic 2-plane. There exists a number e > such 
that for all compactly supported smooth initial data {x,y)[0\, {dtx, dfy)[0\ with 
||(^^^[0],^i^[0])||^i < e, the WM-problem (|l|) with these initial data has a 
globally smooth solution. 

Acknowledgments: The author would like to thank his Ph.D. advisor Sergiu Klain- 
erman as well as Igor Rodnianski and Terence Tao for helpful suggestions and 
comments as well as reading the manuscript. 
The research for this paper was conducted in the fall 2001. 
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2. Outline of the Argument 



2.1. Basic formulation of the problem. This section will serve as outline for 
the rest of the paper. 

Let us restate the main theorem, using the notation introduced at the end of last 
section: 



Theorem 2.2. Let M be the hyperbolic 2-plane. There exists a number e > such 
that for all compactly supported smooth initial data {x,y)[0\, {dtx, dty)[0\ with 
||(Z(£i£)[0],M£i£)[0])|| . 1 < e, the WM-problem @) with these initial data has a 
globally smooth solution. 



We translate this problem to the level of the derivative, utilizing the formulation 
@i (H) with respect to the global orthonormal frame {ydx,ydy}. More exphcitly, 
we have 



dax^^, (10) 

y y 



The div-curl system satisfied by these quantities is then of the following form: 

dpq^l - d^^l = <f>l^l - cj^l^l (11) 



(13) 



5„</>^" = (/.i</.^« (14) 



a, f3 here vary over the space-time indices 0, 1, 2, 3, and Einstein's summation con- 
vention is in force. 



Once we can show that the (/)^ stay smooth globally in time, the actual Wave Map 
can be obtained by integration from ^) — {4>o^ 't'o)- 

Letting denote the column vector with entries (ji^jcj)^, we obtain the following 
wave equations: 



(15) 
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where 

and "0'^" refers to a vector with entries that are cubic polynomials in the The 
fine structure of these entries will actually be relevant later on, but we leave it out 
for the present discussion. 



As explained in the introduction, this formulation does not lend itself to good 
estimates. 



2.3. Introducing the global Coulomb Gauge. We now try to modify the ma- 
trix My by adding a term of the form 29^ A, in such a way that the resulting matrix 
Ml, = Ml, + 2dvA has better properties. More precisely, we want this to depend 
'quadratically' on (p. This can be achieved by utilizing the Coulomb Gauge condi- 
tion Yf'j=i djMj = 0, whence A = -^A"! Yf.^i ^jM^. 
Indeed, observe that the AI^, satisfy the following div-curl system: 



3 

E 



d-M - QdM-dM-l ^ '^{'t'14'l - K^l) 



— \--vvy0^ - 0^0,.) y ^^^^ 



whence 



2ELiA-iaK0i0?_0i<^2' 



(18) 



or in a first approximation M^, — "D ^(0^)". 
We can now set U ~ and obtain 



L/-in({/0a) = U-^n{u)(f>c, + M.d^^c. + (19) 

Of course, we use the commutativity of the Gauge group for 2-dimensional target. 
The difference between this wave equation for U (pa and ( p^ ) is that the nonlinearity 
here consists of trilinear expressions. In particular, this modification suffices to 
handle the case of 4-1- 1-dimensional Wave Maps. For this, observe for example that 
one can easily estimate the L^-norm of M^d'^cpa since this is morally {(iP)D(j) 
and 

\\d-\4>^)d<p\\l.l. < cmil.^samiLrHi (20) 

The right-hand terms are controlled by means of Strichartz' inequalities. Similarly, 
one can estimate the remaining terms of the nonlinearity in the L^L^-norm. 
This is Shatah and Struwe's method for . One can also estimate this term 



using the improved bilinear Strichartz estimate for D ^(0^) in |10 , as observed by 
Klaincrman and Rodnianski. 
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For the 3-dimensional case, Strichartz' estimates alone don't seem sufficient. This 
can be seen by analyzing the case when D~^{(j)'^) has very low frequency while 
D(j) has large frequency; in order to recoup the exponential loss caused by D~^, 
one seems to be forced to employ a L^L^ Strichartz estimate, which unfortunately 
doesn't exist. To proceed, we need to take into account more of the special structure 
of the nonlinear terms. 



2.4. Implementing the dynamic separation. For convenience's sake, and as 
we are dealing with 2-dimensional target, introduce complex notation: 
Let (/iq = + and define the twisted variables best suited for dynamic sepa- 
ration as follows : 

V'a := =e-^*0„, (21) 

where $ :— A^^ X]fc=i 9k4>k ('^ stands for Aa;). The satisfy the following wave 
equation: 



e 



fe=i (22) 

which of course is just ([l^ ) spelled out more completely. At first glance the nonlin- 
ear terms here do not seem to exhibit any straightforward null structure. To reveal 
it, we want to decompose the variables into dynamic and elliptic components. This 
allows us to rewrite the nonlinear terms as sums of trilinear terms with a well- 
defined null structure, and terms of higher degree of linearity. 
The middle term on the right-hand side of ( p2| ) will turn out to be the most diffi- 
cult, and indeed both low- and high-frequency interactions seem forbidding. Before 
implementing and using the 'dynamic separation' for the ipon we need to express 
this middle term purely in terms of the ipai'ap to error terms). For this, observe 
that we have 4'k4>t ~ 4>k4']j = '^(.4>k4>v) = 9('0fcV'!^)i whence we can rewrite it as 

3 3 

The 2nd term in this equation, being quadrilinear, is to be considered an error 
term, and turns out to be actually fairly easily controllable once the first term is 
dealt with. 



Now consider the div-curl system satisfied by the ^pa- 

3 

SaV/? - dfjlpa = {da(l)l3 - 3/30a)e"** - 1 ^ ((/)^ A" ^9^- ^q^] - (l)aA''^d^dp<j)])e~''^ 

= z^^A-ia,(v^V| - i^l^j) - liJaA-'d.i^li;^ - v^^vj) ^^^^ 
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(25) 



Thus the right-hand side consists of trihnear expressions in ■(/;, by contrast with the 
bihnear expressions on the right-hand side of (ni])-(n4). 



The dynamic separation for now consists in decomposing 

3 

i;,^-R,Y,Rki^k+Xu-^-R.-^ + Xu (26) 
fc=l 



here stands for the Riesz operator {\/—lSx) ^9^, = 0, 1, 2, 3. The Xi^C'elhptic 
part" ) in turn are determined via a simple eUiptic div-curl system, namely 

d,x, = (27) 
diXv - d^Xi = dii^u - d^ipi (28) 
This in addition to (|2^) implies immediately that we can write 

3 

(29) 

Passing to real parts and imaginary parts, we can write ipl, = —R^'i^ + 3?%^, 
4>l = + ^^^^ ^iiere ^'^ = ELi ^ki't- 



Having implemented the dynamic separation, we can now sec the null-structure, 
corresponding to substituting the dynamic parts —R^'i''^ for tAJJ, a = 1,2 in [, ] of 
the first term of There results 



A'^djiRj^^Rr^'i^ - Rj^^R^^^]d''^a (30) 

A reason for calling this term a null-form, in addition to the fact that it appears to 
intertwine a (5o-structure(corresponding to dvcjid^ij) with a (5,yj-structure(corresponding 
to di(j)d^'ip — d^(f>diip) , is most directly exemplified by the following elementary iden- 
tity, which we state as an easily verified lemma: 
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Lemma 2.5. Let f,g,h be Schwartz functions. Then we have 



3 3 



3 



(31) 

Y A-'d,[S/-'fRjgph - V- Vn((V-i5)/i) 
j=i 



Remark: The bUinear null form in exhibits similar structure, though our formu- 
lation, which avoids the Fourier transform, is more simple and explicit. 

This identity will become useful once we have reduced all entries to small modula- 
tion, i.e. to have Fourier support close to the light cone, for then the D-operators 
kick in. However, when the expression has relatively large modulation(statements 
such as this one are always by comparison with frequencies and modulations of the 
entries), one can usually estimate it in the Xq ^' ^' -norm. Moreover, restricting 
entries to 'large' modulation allows one to estimate them in L^L^ (using X2'2'°°_ 
spaces) which is often strategically advantageous. 

The embedded Qi^j structure will become useful when both entries in the expression 
[i?j*^-Ri.*^ - Ri,^^Rj^'^] have very large frequency. 

Unfortunately, in spite of the conceptual simplicity of this reasoning, filling in the 
details is still a formidable task, in part as one has so many cases to consider. 

Now consider the error terms arising upon substituting at least one Xi' for V'l^ in 
the first term of (|2^). One thereby obtains 

V-\V-i(V-i(V'')^)i?.*'')V,,tV (32) 



V-\V-\W-\i^')^)W-\W-\i;'mW,,ti^ (33) 



the terms being written schematically, and we have referred to (p9|). These terms 
will be totally straightforward, invoking the LjL^-Strichartz estimate. 
Therefore, most of the work for this paper will go into proving an estimate for the 



crucial term (30), as well as proving that the 'twisted variables' ipa are controlled, 
and in turn allow one to control the 0a , a nontrivial task on account of the complex 
Banach spaces used for our argument, viz. the following sections. 
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Finally, having disposed of the middle term in (^2|), we also have to control the 
remaining terms. Each of these has its own flavor, but there are connections between 
all of them. For example, the term (□<!> calls for expanding by means of 
the wave equation (p^), and then invoking the dynamic separation associated with 
the basic div-curl system satisfied by the (pa in order to introduce a simple Qo-type 
null-structure. 

This null-structure is of course already present in the next term di,<^d^^ijja in (p2[), 
where one has to use it only to deal with high-frequency interactions. 
Finally, as to the term "0'^"e~**", this term will be trivial to estimate provided 
all entries are at low frequencies. Otherwise, one again has to apply dynamic 
separation, this time to the variables (j)a, in order to split it into a Qo-type null- 
form and quadrilinear error terms, which turn out to be altogether elementary. 
Here the fine structure of "(/)^" will of course play a crucial role. 
This then summarizes the basic strategy for estimating (^2|). 



2.6. The Bootstrapping argument. In order to prove the global regularity of 
the 0^, we utilize a bootstrapping argument, quite similar to the one in More 
precisely, we introduce certain translation invariant Banach spaces S'[fc]([— T, T] x 
R^), N[k]{[-T, T] X R3), /c e Z, T > which enjoy a hst of remarkable properties. 
The norms ||.||s[fc]([-T.T]xR3) will be used to estimate the components at frequency 
~ 2*^ of the (jf^ which are known to be smooth on the time interval [— T, T] , while the 
norms ||.||Ar[fc]([-T.T]xR3) will be used to estimate the components at frequency ~ 2^ 
of the nonlinearity, again restricted to and smooth on the time interval [— T, T]. Of 
course, H-Hsr/ci will have to majorize the energy ||.|| . i as well as a certain range of 

Strichartz norms, all applied to functions microlocalized at frequency ~ 2^ . 
Our goal will be to bootstrap each of the norms ||^'fe(/'a||5[fe]([~T.T]xR3). As a matter 
of fact, we will only have to bootstrap ||-Po</'LIIs[o]([-t,t]xR3), because the S[k] will 
be constructed compatible with 'dilations' compatible with the div-curl system 
(EH)"® • denoting (t)x := 2^(/)(x2^), we will have \\Pk+\(t>\\\s[k+m-T,T]-KYi^) = 
\\Pk4>\\s[k]{[-T,T]x'R.^)Tk,\ G Z. Here Pk denotes the Littlcwood-Paley projector to 
frequency - 2*=. A similar identity holds for N[k]{[-T,T] x R^). 

The S[k] and N[k] (leaving out the time-parameter T for simplicity's sake) will be 
related by the fundamental energy inequality: 

\\Pk(l)\\s[m-T.T]xTl^) < C[||nPfc0||Ar[fc]([-.T,T]xR3) + \ \Pk(l)[0]\\ -i ^- i] 

(34) 

where C is independent of T. In order to use this inequality, we need to estimate 
the 7V[A;]-norm of the nonlinearity. For this, it will be important to us amongst 
other things that there are 

1. null- form estimates of the form 

\\Po[R.Pk,c^d-Pk.M\Nm < C2-'"'--^'^^-°^\\PkMs[k^]\\PkMs[k,], s > 

(35) 
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2. Bilinear estimates that make up for the missing L!^-estimates. These come 
about by using null frame spaces, and have roughly the form 

\\Pk,4>PkML-,Li <C2^\\PkMs[k^]\\PkMs[k,] (36) 

provided 0, "ip are microlocalized on small caps whose distance is at least 
comparable to their radius, and provided their Fourier support lives fairly 
closely to the cone. 

3. Trilinear estimates: the preceding observations will play a role in establishing 
the genuine trilinear estimate 

3 

< C2-*^l'^-^-'=^l2-^^l'=^'l[]||Pfc^0,||s[fc^.], S,,S2 > ^^^^ 

This will be the crux of the paper. 

4. The S[k] have to be well-behaved under the Gauge Change. In particular, 
we need an assertion of the form that provided | are small in a 
suitable sense, then so are ||Pfc[/(V~^0)(/!)]||5[fc], where V""'^ stands for a linear 
combination of operators of the form A~^dj, and f{x) is a smooth function 
all of whose derivatives are bounded. 



3. Technical preparations 



The spaces S[k], N[k] and many of their properties were considered in Tao's seminal 
paper jl^, although their origins can be traced back to Tataru's jl^. Most of this 
section(except the trilinear inequality and the Gauge Change result) is due to these 
2 authors; we will therefore be rather brief with the definitions. 
First, we introduce Tao's concept of frequency envelope, as in for any 

Schwartz function ■0 on R^, we consider the quantities 

c<,:=(^2--l'^-'^-|||F,Vll^i)^ (38) 
fcez 

Here Pk,k e Z are the standard Littlewood-Paley operators that localize to fre- 
quency ^ 2'"', i.e. they are given by Fourier multipliers TOfc(|^|) = mo(^), where 
mo (A) is a smooth function compactly supported within ^ < A < 2 with 
Efc.ez"^o(^) = l, A>0. 

The CT > is chosen to be smaller than any of the exponential decays occuring later 
in the paper. E.g. would suffice. We note that all of the generic constants C 
occuring in the sequel depend at most on this envelope exponent a. 
Note that 

^^2-^\a-k\ < < 2"l"-'=lcfc (39) 
as well as Efc-ez 4 < CHV'IIJ^i • 

One reason for why this concept is useful is that provided we know that the fre- 
quency localized components Pkp for some other Schwartz function p on (think: 
the time-evolved Wave Map) have iJa-norm bounded by a multiple Cck, we can 
immediately bound the iJ 2+'-norm of p for e > small enough. This will allow us 
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later to continue the Wave Map, by referring to local well-posedness of the div-curl 
system in and finite speed of propagation. 



We introduce the following norms on frequency localized Schwartz functions on 
j^3+i £qj, q^j, bootstrapping argument: for every I > 10, choose a covering Ki of 
by finitely overlapping caps k of radius 2~K This is to be chosen such that the 
set of concentric caps with half the radius still covers the sphere. Now let 



S[fc] 



|V.,tVII .-1, 



sup SUp( ^ \\Pk,±KQ 



± 1>W 



± 

<k- 



2/S 



K&Ki 



\S[k 



;,ki) 



(40) 



where it is understood that lives at frequency ~ 2^ ,k £ Z. The operators Pk^K 
are given by symbols 'rifcdCD'^^K (jf]')! where a : 5^ ^ R is a smooth function with 
support contained in the concentric cap inside k with half the radius of k, and 
rhk localizes frequency to size ~ 2*^ and satisfies rhkmk — mk, where nik is the 
multiplier chosen above. We also require that J^keKi ^k,K = Pk, the latter being 
defined in the obvious way. 

Q<k-2i localizes the modulation, i.e. | |r| — |<^| |, to size < 2*^^^' and also restricts the 
Fourier support to t >< 0, i.e. to the upper or lower half-space. More precisely, it 
is given by the multiplier J2i<k-2i " l?l I)x>o(±t). 

The norm ||(/)|| i i i refers to 2'^ Ejez 2* ||Qi<MlL2i2 . 

As we are in 3 space dimensions, we strengthen S[k, k] with respect to Tao's original 
definition to also contain Strichartz norms such as 11-11^4^4 , 2'B' 1 1.||^6^3 , 2~^ 1 1.||^3^6 . 
Hence we define 

||V'l|s[fc,K] ■^'2^\MNFA'[.] + \n\-h-^\yj\\pw[n]+2iM\L^Ll 

+ sup 2'=(i+|-i)||V'||,.,, (41) 



for some very small /i > 0, e.g. fi < will do. The definitions of the individual 
ingredients are as follows: 

\\lp\\NFA*[n] sup dist{uJ,K)\\(p\\LoaL2^ (42) 

Here {t^^jX^) refer to null-frame coordinates, i.e. — {t,x) ■ -^(1, cj), = 
{t,x) - t^^{l,uj). 
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Also, define ||,||pvi/[k] to be the norm associated with the atomic Banach space 
whose atoms are the set A of all Schwartz functions with | IV"! |L(2 ^^oo — 1 foi' 
some w G K. In other words, 

I Mpwi.] = inf{| A| |3{0 < A, < 1}, {i^,} cA,l<i<N s.t. ^ A, = 1, 

i 

A^A^Vz^V'} (43) 

i 

Of course, the Banach space S[k] is obtained by completing the Schwartz functions 
on R^+-'- with respect to ||.||s[fc]. 

Next, we will place frequency localized pieces of the nonlinearity into the following 
spaces N[k], again introduced by Tao: they are the atomic Banach spaces whose 
atoms are 



1. Schwartz functions F at frequency between 2^^ ^ and 2'^+'* with < 
2i 

2. Schwartz functions F with frequency between 2'^^'* and 2*^+** and modulation 
between 2^-^ and 2^+^ such that II^^IIl^l^ < 2*2*. 

3. Schwartz functions F for which there exists a number / > 10 and Schwartz 
functions with Fourier support in the region {(r, ^)| ± r > 0, ||t| — 
ICII < 2'=-2'-i"o,2'=-4 < lel < 2'=+4,e e such that F = E.eK^F^ 
and (E.eK, II^^H^^fam)^ < 2* • Here 6 = ^ and NFA[k] is the dual 
space of NFA[k]*, i.e. 

nfa[k] = inf -T—r^ tIIV'IIli LI (44) 

^ ' UJ0.K aiSt[UJ, K) '^•^ 



The reason for introducing these spaces is that they allow one to establish essential 
bilinear estimates, in particular the following: 

WMIl^li < C-4f^^||0||s[Mll'/'lls[fe',.'] (45) 
aist{K, k')2 2 

WMInfai.] < ^J^|^ll<^lli?i^jllV'lls[fe',.'l (46) 
These follow immediately from the definitions, or as in . 

Another reason for including the null- frame version Lf^L^^ in S[k,K] instead of 
the forbidden L^L"!^ is that we have the following inequality valid for all Schwartz 
functions with Fourier support localized along k and at frequency^ 2*^: 



IHU[M<C|HI .1.1.1 (47) 

Of course, in light of the ingredients of S[k], this is a substitute for the missing 
L(L!^-Strichartz estimate. 
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Moreover, it is easily seen that the S'[fc]-norm of Pkcf) as defined above majorizes 
supi_|_i^i i<->p>2+^ 2'^*-p'''9 II Va;_tPfc(/)| |^p^9 , K an arbitrarily large constant, up 
to multiplication with a constant (depending on K). Indeed, splitting Pqc/) — 
PoQ<:-ioo4) + PoQ>-ioQ(j), we can control the 2nd high-modulation summand by 
invoking the fact that 

\\PoQML-Li < C2^^^^^'^\\PoQMlUI < 2-ic\\PoQM^i.h- (48) 

for p < q hy Bernstein's inequality, which gives a uniform exponential gain for 
j > —100 provided p < q, K > p > 2 + fi, and interpolating between the inequality 
thus gotten for and the inequality H-PoQj'/'IIl^l^ < C2i\\PoQj(j)\\i^2j^2. For 

PoQ<-ioo0i we split the unit sphere into caps of size 2"^*^, say, observe that 

||PoQ<ioo0|li.i. =||(PoQ<-ioo0)'||^5^| - IK J2 Po,.Q<-ioo<l>n^iJ 

<C{Y. \\Po,.Q<-100^\\L^L%f (49) 



Since we will be implementing a bootstrapping argument, we can only assume the 
a priori existence of a solution on a finite time interval [— T, T]. We therefore need 
to localize the above (frequency-localized) norms to this interval. To wit 

||-Pfc0lls[fc]([-T,T]xR3) illf ||Pfc^||s[fc](R3+i) (50) 

ll-Pfc0IU[fc]([-T.T]xR3) := , inf ||ffcV'IU[fc](R3+i) (51) 

l/'e5(R3 + l),1/>|[_T,T]=0 



We can now formulate the following energy inequality, which is the essential link 
between the N[k] and 5'[fc]-norm that will allow us to finish the bootstrapping 
argument: 

ll-Pfc(/>||s[fe]([-T,T]xR3) < C'[||nPfc(^||Ar[fe]([_T,T]xR3) + 1 1'/>[0] | L i ^_ i ] 

(52) 



where C is independent of T. This is proved as in |16 ; the only difference between 
our S[k, k] norm and Tao's S[k, K]-norm (other than the different scaling, which 
doesn't affect the proof) is the addition of supi , i<i „>2+u 2*''''^«^^^ llPfe'/'lliPL' ■ 
However, this is majorized by 1 1(/)| | . i i i and moreover well behaved under multipli- 

.'''"'=' .. 

cation with L°° functions, which is all that is required to prove the above inequality, 
viz. Tao's proof. 



It is important that the S[k]{[~'T,T] x R^)-norms of the frequency localized com- 
ponents of a Schwartz function are in a sense uniformly lower semicontinuous with 
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respect to T, as demonstrated in |lq |. In particular, we may assume that T > 
has been chosen such that the component functions <j) of our Wave Map satisfy 

||Pfc(/>||s[fc]([-T,T]xR3) < Cck (53) 

where Ck is a frequency envelope associated with the initial conditions 0[O] x 9f0[O] 
as above, i.e. 

:= (5]2-^l^-'-^l(||Pfe,0||^. +||P,,5t0||^_.)2)^ (54) 

k' 

Moreover, since we assume that (p is rapidly decaying in space directions, we can 
construct a Schwartz function (j) with (j)\[-^T,T] — 4' ^-nd such that ||Pfc0||s[fc] < '2-Cck. 
This is achieved by using a partition of unity. We will always substitute (j) for <p 
when making actual estimates. 

Notation The Riesz operators i?,^, G {0, 1, 2, 3}, refer to operators du{\/ —/\x) ^ ■ 
We usually omit the subscript for operators like V^;, A^;, understanding that they 
refer only to space variables. 

The symbol is either a shorthand for an operator A~^9i, or else refers to 

A)~^, depending on the context. 
We use the notation Pk+o(i) = Efci=fc+o(i) -Pfci,Qj+o(i) = Eji=j+o(i) Qn- Also, 
ll0lls[fe+o(i)] = E/ci=fc+o(i) ll-Pfci<^lls[fci] etc. 

The following terminology, introduced by T.Tao in |T^, shall be useful in the fu- 
ture: we call a Fourier multiplier disposable if it is given by convolution with a 
translation invariant measure of mass < 0(1). In particular, operators such as 
Pk, PkQoj where j > k + 0(1) are disposable, see above reference. By contrast, 
Qj is not disposable. However, it acts boundedly on Lebesgue spaces of the form 

Whenever we consider an expression of the form Pq{AB[CD]), for example, we 
shall refer to A, B,C, D as inputs and the whole expression as output. Also, when 
referring to [,], we mean [CD], while (, ) would refer to Po{AB[CD]); thus the 
shape of brackets matters in the discussion. When considering a part of the whole 
expression such as [CD], we may also refer to this as output, and C,D as inputs, 
depending on the context. 
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Two Important Inequalities 

— — —II 

Bernstein's inequality in the form H-Pfc^HiP < C2 ^ p ||Pfe(/)||i2 or variations 
thereof will be frequently used in the sequel. 

Moreover, the following improvement of Bernstein's inequality which is a conse- 
quence of Strichartz' inequality shall be used later on: 

WPkQM^L^ < C2^--{0'^-'=}2*||PfeQ,</.|U.i. (55) 
For this see [|6j. The intuition here is that Strichartz estimates in the form 
2''^(p + t-i)||p^.Q^.0||^p^, < C\\PkQj(j)\\ . 1,1,1 for a Strichartz pair {p,q),p < q can 

be interpreted as an improvement over Bernstein's inequality; indeed, one gains 
exponentially in j — fc, if this is small. 

Summary of the key properties satisfied by these spaces 

One difficulty in the present approach consists in showing that the "renormalized 
(j)" , i.e. ij: := e~*^ Y.k=i^k<t>k(j) jg under approximately the same frequency enve- 
lope as 0, where ^, are (real- valued)]^ Schwartz functions agreeing with 0, on 
[— T, T] and for which the SffeJ-norms of the frequency localized pieces sit under 
approximately the same frequency envelope, and later on translate the improved 
estimates for ip back to (p. This step is trivial in 4 dimensions and higher, as one 
doesn't have to invoke the Fourier transform. However, it becomes rather delicate 
in our present setting. For this, we have the following theorem: 

Theorem 3.1. Let (f)j be as above, and ip G 5(R^+-^) satisfy \\Pkip\\s[k] < A*Cfe. 
Then we have 

||Pfc(e^^?-^"'^^^^V)ll5W <CMCfc (56) 

This theorem will follow immediately from the following natural generalization: 

Proposition 3.2. Let f{x) be a smooth Junction with all derivatives up to and in- 
cluding fourth order bounded. Then, under the same assumptions as in the theorem, 
we have 

3 

||Pfe(/(A-i^9,^])V')||5[,.] < C^JiCk (57) 

The proof of this Proposition, as well as the following technical lemmata and propo- 
sitions, shall be relegated to a later section. 



^Note that the S[k\, N[k] are conjugation invariant. Thus we can always find real- valued 
extensions of our component functions with the required properties. 
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In addition to the preceding "Gauge-Change" -estimate, we need to utihze shghtly 
modified versions of bihnear estimates proved in JlGf , and most importantly the 
foUowing version of Tao's lemma(14.1): 

Lemma 3.3. (T.Tao): Let j < min(fci,A:2) + 0{1). Then 

(58) 

for all Schwartz functions F with Fourier support at frequency and modulation 
2^ while tp is at frequency 2*^^, 61,62 > 0. Moreover, we also have 

^'•i (59) 

The only difference here is that our spaces S[k],N[k] are scaled-down versions of 
Tao's spaces. In particular, for high-high interactions, the above version as ex- 
pressed in the first inequality is slightly stronger than the original version. Never- 
theless, the proof follows Tao's original proof almost identically, and only deviates 
in one small detail. 

The intuition behind this rather technical estimate is that it allows one for example 
to play the (small)sizc of the modulation of F against the frequency of ^. This 
shall be important for estimating the trilincar null- form (^o|), in particular in the 
delicate case when all inputs have relatively low modulation but still too large to 
employ successfully the full algebraic null-structure, see e.g. the proof of lemma 
in the last section. 

This lemma entails the following fundamental null-form estimate, due to Tao, which 
we again modify for our scaled-down spaces S[k]. 

Lemma 3.4. (T.Tao) Let (j>,'ip be Schwarz functions on R^^-*-. Then letting ki — 
fca + 0(1) > 0(1), we have 

miR^.Pk.^d'^PuMUm < C2-'HPkMsik,]\\PkMsik,] (60) 
for some 6 > 0. 

In addition to the above "high-high" version, we will also need the following "low- 
high" version, proved by T.Tao: 

Lemma 3.5. Let ki = 0(1), fca < 0(1). Then 

\\PoVAR.Pk,4'R''PkM\N[o] < c\\PkMs[k,]\\PkMs[k,] (6i) 

We will need the following fundamental bilinear inequality, which is again a slight 
modification of an inequality of Tao: 

Lemma 3.6. Let (j),F be Schwartz functions, and fci = fc2 + 0(1). Then we have 
\\Po{Pk,c^Pk.F)\\^^o] < C2-"^^\\PkMs[k,]\\^APk.F)\\N[t,,] (62) 
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for some ^ > 0. 

Moreover, we have the estimate 

\\PoVMPk.F)\\N[o] < C(||.^||l~l~ +sup||PfcV,0||s[fc])||V,(Pfc,F)||;v[M 

'= (63) 



Proof The proof of this is again almost identical to Tao's proof; in particular, 
for the first inequality, one simply has to substitute the above version of Tao's 
lemma (14.1) in the appropriate places. ■ 

Finally, we have the important trilinear inequality 

Proposition 3.7. Let tpi, I = 1,2,3 be Schwartz functions on R^+-^. We then have 
the estimate 

3 

\\Po{J2^~^dj[R,Pk,ilJiRjPk,^IJ2 - RjPk,i'iRuPMd"PkM\N[o] 

3 

1=1 

for appropriate constants 5\,52 > 0. 



(64) 
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4. Proof of theorem 2.2 



As explained in section 2, the proof of the Theorem can be reduced to the proof of 
global regularity of the t/)^, or ^ for short. In order to formulate a 'bootstrapping 
Proposition' for cj), we first need to verify that smallness of the initial conditions as 



stated in Theorem 2.S implies a corresponding statement for the initial conditions 
of 6. 



Lemma 4.1. Under the conditions of Theorem 2. i, we have \\(j)[0]xdt(f>[0\\\^i < 



Ce. 

Proof : Note that the wave equation satisfied by {x, y) is 



ax = -d^xd^y, ay ^ —{d^xd^x - d^yd^y) (65) 

y y 



' dtx > 

LIUW tlidU IllVfl 

simpler. Now 



We need to show that ^ is small, the other cases being similar or 



dt{ ) = V9»( )->^ — (66) 

Clearly, the first term has small iJ~5-norm by our assumptions. As to the 2nd, 
this is a simple consequence of I |/5r||^_i < C| |/| |^ i | I5I |^ i . ■ 

We now formulate the bootstrapping argument implying global regularity of the 
for suitably small initial conditions: 

Proposition 4.2. Let the smooth functions satisfy the system ([ll|)-(p^ on 

[—T,T] X R^, with initial conditions as in the preceding lemma. Assume that 

I li'fcCI |SW([-T,T]XR3) <MCfc (67) 

for a frequency envelope Ck covering the initial data . Then we have 

M 

ll-Pfcdls[fc]([-T.T]xR3) < —Ck (68) 

provided that e is small enough, independently of T , and Af 3> 1 • 



Remark: Global regularity of 4> follows now via the local result in ||^ . See also |^ . 



GLOBAL REGULARITY OF WAVE MAPS FROM R^+i TO 



21 



Proof Recall the quantities tpa ■— e + i<Pa) introduced in section 2, where 

$ = A^^ S^=i ^j<^]- They satisfy the equation 

= 1 + 11 + 111 



where 

/ = [-in$ - 9^$5'^$]V'a (69) 



3 3 

j=i j=i (70) 



m = e-'^*[</)^(0i</)i'' + (A^</)2'0 + 2z(Ai^(</)i0^ _ ^1 ^2^] (71) 



We now consider each of these in turn, starting with the most difhcult and piv- 
otal term II. Recall from last section that we have to localize to frequency ~ 2° 

and evaluate the A^[0]-norm. The atomic nature of this space implies that we can 

• — - — - 1 

estimate in any of the norms L\L^, ^' ^' , as well as the complicated norm 
involving null-frame spaces, i.e. the third class of atoms defining N[Q\. 
In order to make estimates, we have to substitute Schwartz functions for the inputs 
of the nonlinearity coinciding with them on the time interval [— T, T] , as well as hav- 
ing frequency localized components whose ^[fcj-norms are bounded by a multiple of 
the frequency envelope Mck- In the sequel, we shall not make a distinction between 
these extensions and the local Wave Map, implicitly carrying out the above substi- 
tution immediately before estimating and after having reformulated the individual 
ingredients of the nonlinearity to become amenable to estimates. 



4.3. Treating II: First term of II. Recall form section 2 that using dynamic 



separation, we have reduced this to estimating (32), (|3^) as well as the difficult 
(©. 

Note that on account of the LjL|^-boundedness of V ^(V ^{ip'^ jip) (which of course 
follows from Sobolev's inequality as well as passing from frequency localized pieces 
to the full function via the fundamental theorem of Littlewood-Paley theory), we 
can immediately reduce control of (^3|) to estimating (^2|). 

As to the latter, we distinguish between low-high, high-high and high-low interac- 
tions, i.e. reducing Vx.tip to medium, high and low frequency: 



Low- High interactions: we use here the fact that = L*''^, the latter a Lorentz 
space. Also, we utilize the improved Hardy-Littlewood-Sobolev inequality for these 
spaces: 
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ll^'o[P<o(i)V-i(V-i(V-i(V2)V)i?.*'^)Po(i)V.,tV]||iii2 
<C||P<o(i)V-i(V-i(V-i(V')^)i?.*")||^,^3,i||Po(i)V,,tV||L5^L^ 

<C\M%Lt\\R'^'^''\\LiLt\\Po(l)'^.MLrLl 



High-High interactions: This is more elementary. Note that we utihze the expo- 
nential decay provided by ||Pfe(/)||i2 < C2~2 ||Pj.(^|| i ^ provided k > 0(1), as well 

6 

as Bernstein's inequality to majorize LjL^ of the output by a multiple of LjLx of 
the output, which lives at frequency ^ 1: 



fe>0(l) 

<c J2 2-''1in+o(i)(v-i(v-i(v')V)P.*-)||^j^3||v.,iVllLri^ 

k>0{l) (-73^ 
fe>0(l) 

High-Low interactions: this is even more elementary as an extra derivative {Vx^t) 
falls on a low frequency fmiction, while the first is harmless. We therefore skip 
this case. 



Now we estimate the null- form, which is straightforward in light of Proposition 3.7: 
the exponential gains in the statement of this Proposition allow one to counteract 
the 'exponential loss' inherent in the frequency envelope, provided its exponent a 
is chosen small enough: 



3 

3 

< E \\Po[Y,^''9j{R,Pk,^'R,Pk,-^^ - R,Pk,-i''R,Pk,-^^)d''PkM\N[o] 

ki,k2,k3 j=l 

3 (74) 

ki ,^2,^3 a— 1 



k 
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provided we choose the a in the definition of the frequency envelope (viz. section 
3) much smaller than min{(5i, 62) ■ 

Second term of II 

Applying dynamic separation to [, ] as explained in section 2.4, we decompose this 
term into a term with null-structure, as well as error terms of high linearity. Of 
course one is tempted here to simply use the L^-Strichartz estimate; however, in a 
sense our strategy of controlling each frequency localized piece is backfiring here, as 
we 'have to recover the initial frequency envelope' in our estimates, which requires in 
particular obtaining exponential gains for high-frequency interactions. The LfL^- 
estimate is too weak for this, and we have to invoke the hidden null-structure. It 
goes without saying that being able to prove a genuine trilinear null-form estimate 
on the level of Lebesgue spaces for ( ^ would render these convoluted considera- 
tions unnecessary, although the overall complexity of the argument would barely 
improve. 

Hence we reduce the 2nd term of II to the following: 
Null-form: 

3 

^(A-iaj [i?j*^i?^*2 - (75) 
i=i 

Error terms: these are of the rough form 



V-i(i?^*"V-i(V"i(V'2)V'))5''*V' (76) 



v-^(v-i(v-i(V'')V')v-'(v-i(?/'')V'))9"*i^, (77) 

where "I/", a = 1, 2 is as in section 2.4. 

These error terms can be handled as before, utilizing e.g. Lorentz spaces for low- 
high frequency interactions. As this doesn't offer anything new, it is left out. 



As to the null- form ([T^), we decompose this into various frequency interactions of 
ipa and (, ). Most cases are elementary, with the exception of the high- high case. 
However, we can then profit from Proposition 3.7. 
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Estimation of the null- form ([75|): 

1): Both (, ) and at frequency < 0(1): 



< C\\V-'[R,^'R,^' - R.^'Rj^']\\L^^L-J\d-'nLiLt\\P<oii)i'n\\LtLi- 

< CM^eco, C^^) 

where we have used the fact that \\P<o(i)''Pa\\LfL^^ — Ocq, as is easily verified. 

2.1): High-High interactions of (, ) and ipa- 4'a at frequency 2*^^^ /c2 >> 1, $ at 
frequency < 2*^^"^"°. This implies that [, ] is at frequency 2'^^+'^(-'^^ . Hence we can 
estimate this by 



||Po(A-l9,Pfe,+o(l)[i?,*^i?.*'-i?.*li?j*']P<fe,-10o9"^*Pfe,V'a)||L;L= 

This can be summed over k2 » 1, to give a bound of the form CM'^ecQ. 



2.2): High-High interactions of (, ) and ipa- V'q at frequency 2*^^, k2 >> 1, $ at 
frequency > 2*^^"^"°: As mentioned before, this case does not appear covered by the 
Strichartz estimates, on account of the possibility that all inputs could have large 
frequencies while there is 'no exponential gain for free', as before. The easiest way 
around this difficulty is to refer to the already proved estimate for the null-form 
lol), in addition to the estimate lemma pM This gives the estimate 



\PoiJ2^''dj[R,^'R,^^ - R,^'Rj^'']P>k,-iood''^Pk,^o.)\\N[o] 



<C2~''''\\Viy^A-'d,[R,-^'R,'^^ -R,'<S/'Rj'<S/^]P>k,-iood''^PkMN[k^^^ 

(80) 

\\Pk2^a\\s[k2] 



This can be summed over fc2 > > 1 to yield a bound of the required form, provided 
the a in the definition of the frequency envelope is much smaller than 82- We are 
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done with the estimation of II. 



4.4. Treating I: First term of I. Recall the definition of $ = Efe=i ^"^^fc^^fc- 
Thus upon using the wave equation satisfied by 0, the first term of I is seen to reduce 
to 



3 

^A-i5,(-0ia'^02^"03")V;„ (81) 
J=l 

In spite of the trilinear character of this expression, it is not yet amenable to good 
estimates, as can be seen when for example is at very largo frequency. We 

therefore employ the div-curl system and corresponding dynamic separation for 
the (/)^ in order to introduce a null-structure plus error terms. There results the 
expression 



3 

3,1 

Here " V-^-;^^)" refers to XlLi ^~^dMl<t>l - <t>l(t>l)- We estimate each of these 
terms in turn: 

A: /\~^dj{(f)'^)%lja'- this term is entirely elementary, for the simple reason that high- 
high interactions of (, ) and V'a imply an automatic exponential gain in the frequency 
on account of the A~^dj. For completeness' sake, we provide the simple details: 

A.l): ipa at frequency 0(1), (, ) at frequency < 0(1): 

fe<0(l) 

<C C2iU^\\jj\\Poii)i^a\\LtLi (83) 

fe<0(l) * " 

< CM^eco, 

4 

where we have employed Bernstein's inequality estimating in terms of L| for 
the term <p^. 



A. 2): tjjc, at frequency < 0(1), (, ) at frequency 0(1): 
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fc<0(l) 

E 11^^11,1,1 II^^V'.ILt..^ (84) 
fe<0(l) * " 

< E CM^2^Ck < CM^eco, 

fc<0(l) 



where we have apphed Bernstein's inequahty estimating in terms of L| to the 
output. 



A. 3): V'a at frequency 2*^, /c >> 1, (, ) at frequency 2'''+'^(^): we have 



E ||Po[A-l9,Pfc+o(l)(</>')ftV'a]||L;L: 

fc>>l 



,a,3 ■■ - ■ -■■-t-^ (85) 
fc>>l * 



fe>>i 



This then disposes of this term. 



B: A~-^dj{RijRi(j)ld''(j)'j)tpa- this term of course has an obvious null-structure in- 
herent in it. We will split the term into various frequency interactions between (, ) 
and tpa- 



B.l): Low -high interactions: (, ) at frequency < 0(1), V'q, at frequency 0{1): we 
can't simply put all inputs into LfL^, as the inputs of (, ) could have very large 
frequency. In this bad case, we will revert to lemma 3.4, estimating (, ) in N[k] and 
gaining exponentially in the difference between the logarithm of the frequency of 
(, ) and its (large frequency) inputs. Then we can apply lemma to conclude. Of 
course, when the inputs of (, ) have frequency at most comparable to the frequency 
of (, ), we put all inputs into L^L^. Writing the details: 
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l)<^i)IU[fc] 



||Po( E ^-'djPk{R.Ri^ld''^^,)Poii)^o.)\\N[o] 

fc<0(l) 

< E E C'||PfeA-lVa,(Pai?.i?,(/.,l9''Pa+0(l 
fc<0(l) a>fc+0(l) 

II^O(l)'0a||5[O(l)] 

+ J2 C|l^feA-lV9,(P,P,P<fe+o(l)0/a''^^</c+O(l)'/'-)^O(l)'/'a|LiL2 

fe<0(l) (gg^ 

E E 2^^'""^||P,(/.l||s[a]||Pa+0(l)'/'-||5[a+0(l)]l|P0(l)V'a||s[0(l)] 

/c<0(l) a>k+0(l) 

+ C J2 E 2^ll^;i'^/llsMll^'2'/'?llsNl|/'o(i)V'a||s[0(i)] 

fe<0(l) /l,i2<fc+0(l) 

< CM^eco 



where the S in the preceding comes from lemma 3.4 



B.2): High -low interactions: these are dealt with in identical fashion, using lemma 3.4 



and lemma 3_^ for the high-low interaction case(note that we have | |P<o(i)V'ct| 



< 



Ccq), hence left out. 



B.3): High-high interactions: (, ) at frequency 2*^^, ki >> 1, V'a at frequency 2'^^ 
with A:2 = fci + 0(1): we distinguish between the case when both inputs of (, ) have 
frequency at least comparable to 2*^^, and its complement, i.e. one input of (,) at 
much lower frequency tha n (, ). The former case is dealt with as in the preceding 



cases, using lemmata 3.4, 3.6, hence not further elaborated. The treatment of the 
latter case, i.e. both inputs of (, ) have at most frequency comparable with 2*^^, is 
subsumed under the following lemma: 

Lemma 4.5. ; Let 1 << k^, k2 < fci — 10 < k^. Also, let tpj, j — 1,2,3 be 
Schwartz functions. Then the following estimates hold: 



3 

\Po[V-\R.Pk,^2Pk,d''i>i)Pk,H\\N[o] < C2"*i'=^2^^('=^"'=i) H WPkMsik^] 

a=l (87) 



3 

\\Po[R.Pk,tp2^-'Pk,i^ld''Pk,M\N[0] < C72-*i'=^'2*^('=^-'=i) Y[ ||Pfe>a||s[fe„] 

a=l (88) 

In the first inequality, V^^ refers to any operator of the form A^^dj, j = 1,2,3. 
Also, if ki >> 1, k2 < ki, then 
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a=l (89) 

Proof : The proofs of these three assertions are essentially identical, hence we will 
only deal with the first of them: the idea of the proof consists in splitting into the 
case of moderately small k2, namely k2 > — fci, and very small k2, or k2 < — fci. Of 



course, fci = k^ + 0(1), hence is large. In the first case, we utilize lemma 3^ and 



lemma 3^, the latter furnishing an exponential decay accounting for both factors 
on the right-hand side of the inequality. 

For the second case, we place the low-frequency term into a Strichartz space slightly 
worse than L^L^, while the high-frequency terms are placed into small perturba- 
tions of the neutral(as far as exponential gains or losses are concerned) LjL^. The 
assumption on the smallness of the low frequency allows to play this successfully 
against the high frequencies, resulting in the desired exponential gain. 



Case 1): ki — 10 > k2 > —ki. use lemma p.% lemma 3.6 to conclude that 



I |Po [V-i (i?,Pfe, V2Pfei d^'i^i )Pfc3 V-a] I U[o] 
< C2~*'=^ \\{R.Pk,^2Pk^d''^i)\ |jv[fe3+o(i)] I \Pk,^Pz I \s[k, 

3 

<C2'i''ni^^^-^-)\{\\PuAa\\s[k.] 
o=l 



(90) 



Case 2): k2 < —ki: 



\\Po[V-\d''Pk,^PlPk,R.i^2)PksH\NlO] 

\Lf-Lt+ I \Pk2Ri^i^2 I 1 1- k3 VULTLl 



< C2-^- 1 iPfc.a"^! 1 1^4-^4+ 1 |Pfc,i?,V2 1 I \Pk.. 



(91) 



where "f^e set ^ + ^ = 1, ^ + ^ = I, + ^ = \, \ - ^ ^ \ > Q. Using this 
we can estimate the above by 



3 (92) 

< C2^\-X){k,-k^)^(AX-[\-2X))k^ -Q 

o=l 

We can now choose A = in order to obtain the required estimate. Note that 
the Strichartz estimates invoked here are still controlled by our choice of S[k]. ■ 
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C: Po(E -=1 A-i5, E'=i A-^dr{<PlcPl - cgcj^Dd'^cj,]],!;^) This is very similar to the 
2nd term of II: we have simply traded an extra V"""^ for an extra V (in d^cj)^), 
recalling that d'^'^ is morally equivalent (as far as scaling is concerned) to (j). As 
before, the quadrilinear structure appears insufficient to render this term amenable 
to a simple energy estimate. The difficulty arises as usual for certain high-high 
interactions. By now however, enough estimates are available to dispose of this 
case rather quickly, invoking in particular the estimates for II: 



C.l): Low-high interactions: [, ] at frequency < 0(1), at frequency 0(1): 



3 3 

\\P,{Y.A-'d, J^/cEA"'^-(<^r'^'-'^i<^r)5^'^']^0(l)V'a)llLjL^ 
j=l fc<0(l) r=l 

3 

< ^ 2-'=||Pfc(P<,+0(l)"V-^(</>2)"P<fc+0(l)5''<^,')||^|^J|P0(l)V'a||LtLJ 
j=\ fe<0(l) ' " 

E E 2-'=i|Pfe(p„"v-i(02)"p„+o(i)S^<^,')ii^i^jiPo(i)V'«iUtLs 

j=l fe<0(l) a>fe+0(l) * " 

3 

^^E E 2-'=2i||P<,+o(l)"V-l(<^2)"|U|^a||P<fe+o(l)5''<^?||L|LJ 
j=l fe<0(l) 

\\Po(l)i'a\\LiLt 

3 

+ ^E E <^242-'^||P>„+o(l)<^IUaL3||P„+o(l)5^0-||L3La||<^IU4L4 
j=l fe<0(l) 

ll^b(l)^a||L|Lj 

< CM'e2ico + C Y: E 2*c% 

/c<0(l) fe<0(l) o>fe+0(l) 

< CM^eco 



Wc have repeatedly used Bernstein's inequality, as well as Sobolev's inequality and 

the fact that Pa((/)2) = P„(P>„_io00) + Pa(P<a-10</'-P>a-10'/')- 

C.2): High- high interactions: [, ] and ipa at high frequencies. Here we utilize the 
estimates proved for II: 
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j=l r=l 

3 3 

a>0(l) J = l r=l 

\\Pa+0{l)i'a\\s[a+0{l)] 

< Y CM'^2~^''cl < CM'^eco 

a>0(l) 



We have used lemma B.t for the second step. 



C.3): High-low interactions: [,] at frequency 0(1), ipa at frequency < 0(1): this 



case is handled exactly as the preceding one, utilizing lemma 3.6, hence left out. 
This finishes the treatment of the first term (□$)-!/'c( of I. 
Second term of I 



We only need to look at the cases when at least two inputs of Po[5i/ <&'!/'«] 
have large frequency, since otherwise, one can simply place all inputs into L^L^. 



However, one can then simply use the estimate provided by lemma il , in particular 
the third inequality, to handle this case: in detail 



||Po Y [5-^fci*5"^fc2*^a]||Ar[0] 

fcl>10,fc2<fcl 

+ ||Po Y [^.Pk^^^''Pk,'^>^^^]\\N[o] 

/£2>10,fci<fe2 

< J2 C2-'^i'=i2'^^™"{°''=^>M3ecfe,Cfe, (94) 

fci>10,A;2</£i 

+ J2 2-'^i'=^2'^^'"''^{°''=i>M3ecfe,Cfe2 

fe2>10,fci<fc2 

< CM^co 



4.6. Treating III. Utilizing the Proposition 3.1, we see that we need to estimate 
||Po(0;',<^^'^V')l|Af[o]i where -0 is a Schwartz function whose frequency localized com- 
ponents have iS'[A:]-norms majorized by the frequency envelope CMck for appropri- 
ate C. The other terms in HI are entirely analogous. 

Of course, as before, this only requires consideration if at least one (and then of 
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course at least two) inputs have very large frequency. Our strategy shall again be 
to employ dynamic separation to render a hidden Qo-structure visible. We need to 
estimate the following expression: 



\\Po[J2 Pk,cblcj,'-P<k,+oiimNio] (95) 

fei>10 

We apply dynamic separation to referring to (||), (^), and decompose the term 
within ||.|| into the following two terms: 



J2 E Po[Pk,R.Rkq^l^"'P<k,+oii)i^] (96) 

k=l fci>10 



Po[Pfe,"V-^(0^)"0^-P<fc,+o(i)V'] (97) 

fci>10 

The 2nd term in the immediately preceding is easy to estimate, placing all inputs 
into LfL'^ and profiting from the exponential gain 2^*^^ coming from V~^. 
In order to estimate the first term, we need to apply another dynamic separation. 
This results in the terms 



1): 



Po[Pk,RuRk4>lR'Ri4>]P<k,+o[i)^] 

k,l=l 



2): 

3 

Po[Pk,R.cl>lA-^dM^l - (/.?^i)F<,,+o(i)^] (99) 
The first term can be immediately estimated upon referring to the last inequality 



k.r—l 



in lemma 4.5, as before. The 2nd term is easily estimated by applying lemma 3.€ 
and the estimates in II: we split into the case when (, ) is at frequency > 2'^^^^^ 
and its complement, i.e. (, ) at frequency < 2''^~^°. 



First case: (, ) at frequency > 2*^^ ^°: Simply place all entries into LfL"^, using 
Bernstein's inequality estimating Lji^ in terms of LIL], for the output, as well as 
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using the exponential decay 2 '^^ coming from c^^A ^P>ki- 



10- 



Second case: (,) at frequency < 2^ : this can be rewritten as (leaving out 
J2k r=i simplicity's sake): 

-wi(t>r4'i, ~ 4'r4'u)P<ki+Oil)'<P] 
= P0[Pk,+O(l){Pk^R.(blA-'^rP<k^-10{^l4>l " €K))P<k,+Oil)^] 

- Po[Pk,+Oil){Pk^Ru(blA-'dr{(blcj)l ~ (/.?0i))Pfc,+O(l)V^] (100) 

- Po[Pfe,+O(l)(^fci^.0fcA-la,F>fe,_io(^^0^ „ 02^i))p<,^+o(i)V'] 



The 2nd term in the last equality can be treated exactly as in the first case, of 
course. As to the first term, we use lemma 3.6 and the estimates proved in II to 
conclude that 



||Po[Pfe,+o(i)(Pfe,i?.0lA-ia,(0i^2 _ ^2^1))P<,^+o(l)V']IU[0] 
<C2-'^-\\Pk,^oii)^{Pk,R.<l>\^-^dr{<l>l'g-€^^^^ 

This can be easily summed over ki > 10 to yield the required bound CM'^eco. 



The proof of Proposition 4.2 is now completed by fixing M >> 1, then choosing 

and Theorem pj|, as well as the estimates 



e > small enough such that using (|5 
proved in this section, we can conclude 



|Po0||s[o] < 
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5. Proof of the technical estimates 



5.1. The Trilinear Estimate. 

Proposition 5.2. Let tpi, I — 1,2,3 be Schwartz functions on R^"*"-*-. We then have 
the estimate 

3 

^^2_,,|fe,_fe,l2-^.|.3|-Q||p^_^,||^^^^j (102) 
1=1 

for appropriate constants 5i,52 > 0. 



Proof The proof is spHt into estimating the various frequency interactions of 
[, ] and d'^ips- The author apologizes in advance for the extremely technical and 
mechanical nature of these estimates. Many of the following cases are similar and 
almost write themselves, yet we have opted for as complete an account as possible. 
This section may be treated as an appendix to the paper. 

1): Lov^r-High Interactions: [,] at frequency < 2^", d'^^s at frequency 
between 2^1" and 2^°, i.e. fcg = 0(1). 

Wc distinguish between the cases 



A: fci < /C2 - 10 
B: fci > fca + 10 
C: \ki - k2\ < 10 



On account of the apparent symmetry between A and B, only one of them has 
to be treated. We estimate the corresponding terms by restricting the Fourier 
supports of the inputs of the trilinear form further. I.e., in addition to frequency 
localization, we also localize in modulation, corresponding to the quantity ||r| — |^||. 
The general strategy in the estimates to follow is to reduce output and inputs to 
small modulation, as it is only then that the algebraic structure as exemplified 

by (31) becomes useful. However, when the output has "large modulation", it can 

. _i „i 1 

usually be easily estimated in the Xq ^ ^ ' -norm. Similarly, whenever an input has 
"large modulation", it can be placed into L^L^, which allows one more flexibility 
for the other inputs. 
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l.A): Estimation of A 

Either output or third input at large modulation: 



l.A.l):Output reduced to modulation > 2*^^ we have (denoting (\/— A) ^ as 



3 

\\PoQ>k,-10o{Y,^~^9jP<-lo[R.Pk^i^lRjPk2i^2 - RjPk,i^lR,Pk,H 

Pk,d''^3)\\N[0] 

3 

< Y,\\PoQ>k2-ioo{Pk2+o{i)^~^dj[R,Pk,iPiRjPk,^2 - RjPk,^iR.Pk2H 

P.35^^3)||^-i,-i,i 
3 

< C2-'^2-'''Yl\\i^-P''^i'^^jPk,^2 - RjPk^i^iR.PkMUiL^ 
\\Pk,d''MLrLi 

< <^||Vx,tV-lPfc,Vl||L3i6||Vx,tV-V2||L6i3||Vx,tPfc3V'3||ifLj 

3 



<C2^l[\\PiUs[k,^ 



1A.2): d'^Pk^fpa reduced to modulation > 2*^2 loo^ output reduced to modulation 

<; 2^2-100. 



3 

\\P0Q<k2-100[Y,A-^^jP<-l0{R.Pk^^lRjPk,^2 - RjPk^i>lRuPk,i>2) 

i=i 

-P/cs Q>*;2- lOO^" ■i/'3] 1 1 Ar[0] 
3 

< ||PoQ<fc2-iooEn2+o(i)A-^a,(i?,Pfc,^i'ii?jPfe,V2 - RjPk.i'iR.PkM 

PksQ>k2-100d''i^3]\\LlL^ 

3 ' (104) 

< ^C2-'=^||P,Pfe,VlPjPfc2^2 - RjPk.i'lRuPkMLlL^ 

l|Pfc3<5>fe-1009'''!/'3||l,?Z,J 

3 

<C2^J{\\PkM\s[k^] 
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Output and third input at small modulation. Part of null-structure be- 
comes useful: 



1.A.3): Both output and d'^Pk^t/js arc reduced to modulation < 2'^^"^"°: notice 
that this imphes in particular that [, ] can be restricted to modulation < 2'^2+'^(^). 
We use the elementary identity 



3 

2 J2 A-^dj{RjfR^g - R^fRjg)d''h 

^■=' (105) 
= n[A-^dj{R.jfW-^g)h] - A-^dj{RjfV-^g)Uh 

- U{djA-\RjJS/-^g))h - 2RJV-^gd^h 

valid for all Schwartz functions, say. We consecutively estimate each of the terms, 
with / etc. replaced by the appropriately microlocalized components of V etc.: 

l.A.S.a): 

||O-P0(9<fe2-100[A"^5j(PA;ii?j'V'lV"^Pfe2V'2)-Pfc3<3<fe2-100V'3]||jV[0] 

< ||nPoQ<fe-ioo[A-^ajPfe,+o(i)(J'fci^jV'iV-'Pfe2V'2)Pfc3Q<fc2-iooV'3]|| .1, -1 1 

^0 

< C2-^\\Pk^+o(l){Pk^_Rji>iy~^Pk^i}'2)\\L'iLA\Pk3Q<k2-W0i^3\\L^ 

3 (106) 

k-i — fco T — r 

<C2^^\\PkM\s[k^] 
1=1 

l.A.S.b): 



\\PoQ<k2-100pA-^dj{RjPk,i}k,V-'^Pk2i'2)PksQ<k,-WoMN[0] 

<C\\PoQ<k,-ioopA-'djPk,+oii)Q<k.+o{i){RjPk,i'k,V-^PkM 

-P/S3<3<fc2-100V'3]||LJL| 

3 (107) 

1=1 

as is seen by placing all entries into L^L^. Of course this is even better than the 
estimate required for the lemma, since ki,k2 < 0(1). 



1.A.3.C): 
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< C||Pfe,+o(i)A"i9j(i?jPfciVfeiV"iPfc,V;2)||i2ioc||nPfc3Q<fc,_iooV^3||L?L^ 

3 



<C2^l[\\P^MW,-' (108) 



again by placing Pfe^ V"! 7 -Pfe2 V'2 into LfL^,LfLl respectively. 
l.A.S.d): 



This term is more difficult and will be estimated with the aid of the 'Qg-structure' 
inherent in it (viz. the complete expansion It really is a consequence of a 

deep trilinear inequality proved by T.Tao, but we prove it here for completeness' 
sake, and also since the proof in 3 dimensions is somewhat simpler: first, we get rid 
of the multiplier Q<fc2-ioo in front of it as well as in front of the third input; for 
example: 



\\PoQ>k2-ioo[R.Pk^Ay~^Pk2^J2d''Pk,Q<k2-iooM\ . 

<C2-*||V,,tV-lPfc,^l||i4^oo||V-lPfe,V'2||L4io.||Pfc3Q<fc,_iooa'^^3||L-L^ 

(109) 



3 

3(fcl-fc2) 



<C2^^Y[\\PMs[k,] 



Let us restate what we are trying to prove 

Lemma 5.3. Under the hypotheses of case l.A), we have the estimate 



3 

||Po[i?.Pfc,V^iV-iPfc,^29'^Pfc3^3lU[o] < C2'^''^-'^-^X{\\PkM\s[kA 

1=1 (110) 

for some 5 > 0. 

Proof : The proof is again by considering many different cases. However, the cases 
are somewhat more involved than in the preceding; in particular, we will have to 



invoke lemma 3.3 for some "intermediate cases" where inputs have relatively small 
modulation but still too large to invoke the algebraic identity. We first consider the 
case when Pk^tpi has relatively large modulation, i.e. modulation > 2'^i+'^(^). We 
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cannot yet invoke the null-structure in this case. However, lemma 3.3 allows us to 
play the modulation of P^^ against the frequency of P^^ ^2 '■ 



1): PfeiV'i restricted to modulation > 2'=i+^™. 



1.1.1) Ett modulation 2*" with ki + 100 < r- < A:2 + 100. Pkaips at modulation 

< 2'"^^'^°: From elementary geometrical considerations, we see that we in this case 
RijPkiQripiPksQKr-iootps has Fouricr support at distance approximately 2"^ from 



the light cone. Hence using lemma 5.3, we can play this modulation against the 
frequency 2'^^ of the third term Pk2'4'2- Of course, we then have to also play r 
against ki, which is possible by placing Pk^Qr^Pi into L^L"^ . The upshot is an 
exponential gain in fci — fc2. In detail: 



II PG[R.Pk,Qr^iy-^Pk2i^2d''Pk,Q<r-W^i'3\\N[0] 
fc2 + 100>r>fci + 100 

< C2'^"'''-\\Poil)Qr+0{l){R.Pk,Qr^lPk,Q<r^im^3)\\^^,-^,^ 
fc2 + 100>r>fci + 100 °<1' 

||ffc2V'2||s[A;2] 

< C2-i2*('-'=^)||i?,Ffe,Q,Vl||L?L^-||J^fc3Q<r-100V'3||Lri^ll^fc2V'2||s 
fe2 + 100>r>fei + 100 

< Y C2'^''-''^h^^-'-\{\\PkM\s[k,] 

fe2 + 100>r>fei + 100 1=1 

1=1 



1.1. 2. a) Pkiipi at modulation 2^ with fci + 100 < r < k2 + 100, Pk^i'Ti at modulation 
> 2"-^°^ but < 2'^'^+!°°, Pfe2i/'2 at modulation < 2""-^^°: we need to group the 

terms differently, again using lemma |3^. Note that the X^' ^'°°-norm has to be 
applied to a term at large frequency in order to avoid an exponential loss. In the 
present situation, the third term PksQyr-ioo^'s is such a candidate. However, in 



order to apply lemma 3.3, we then need to place Ri^PkiQr'4'i^~^Pk2Q<r-ioo'4'2 into 
S[k2 + 0(1)]. This is easily feasible on account of the majorization ||Pfe(/'||s[A;] < 
C'||P/j(/)|| .1,1.1, which follows for example from (|47|): 
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II E E 

fe2 + 100>r>fci + 100 fc2+100>a>r-100 

^ E E 



fe2 + 100>r>fci + 100 fc2 + 100>a>r-100 

^^Pk^Q^T-^n^^1^'■?]\\Qt^■„Mn/■l\]\\Pk■,Qn^'^■^ll^\, . 



C2^^''-''-^\\Qr+Oil)y[R.Pk^Qr^lV-'Pk,Q<r-100M\s[k,+Oil)]\\Pk,^ 



^ E E 

fc2 + 100>r>fci + 100 fc2 + 100>a>r-100 

C2^('^-^-^)||g,+o(i)V[i?,Pfc,Q.ViV-ipfc,g<.-iooV'2]|| . 1.1.1 ||Pfc3Qaa>3||^i.-i. 

^ E E 

/C2 + I00>r>fci + 100 /£2 + 100>a>r-100 

3 

1=1 

3 

< E E C2'=^-'^2^('^-'=^)nil^'^'^'lls[fc.] 

fc2 + 100>r>fei + 100 *;2 + 100>a>r-100 1=1 

<c2''^'^-'^^f[mM\sik,] 

1=1 



for any Q < 5' < 5. 



1.1.2.b) Pkitpi at modulation 2^ with ki + 100 < r < k2 + 100, Pksips a-t modulation 
> 2'-!°'^ but < 2'=^+!'^°, Pfe2V'2 at modulation > 2''-!''°: this and the following 4 
large modulation cases are routine and can be handled by the X^''^'°° and L'^L^- 
components of S\k]. The only slight difficulty here is that one has to play the 
modulation of the term Pk2Qa'4'2 against its own frequency, i.e. one has to obtain 
an exponential gain in the difference a — k2- This requires the improvement of 
Bernstein's inequality mentioned in the third section, i.e. (Bsl). 
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II X! X! Po[R,^PkiQri^l^ ^Pk2Qai^2d''Pk3Qk2 + lQ0>.>r-lQ0'4'3]\\LlLl 

fe2 + 100>r>fci + 100 a>r-100 

fe2 + 100>r>fei + 100 a>r-100 
l|i9''-Pfc3Qfc2 + lOO>.>r-lOO'03||L~L2 

fc2 + 100>r>fei + 100 a>r-100 

3 

<C2'^''^-''-^^f[\\PkM\s[k,] 
1=1 



We have used (55) in the 2nd step 



1.1.2.c) Pfci'01 ELt modulation 2'' with ki + 100 < r < ^2 + 100, Pk-ji^s at modulation 



II E Po[R.Pk^Qr^l^-'Pk2i^2d''Pk, Q>/c2 + 100^3||l1L? 

fe2 + 100>r>fei + 100 

< CWR^Pk.QrML^.L^W^^'Pk^HlLrL^WPksQyk^ + WoHlL-.Ll 
/£2 + 100>r>fei + 100 

3 

< ^ C2-^^2-^2'-^2-'^l[mM\sM 

/C2 + I00>r>fci + 100 ;=i 

< ^ C2''''^-'^f[\\PkM\sik.] 

/C2 + I00>r>fci + 100 1=1 
3 



(111) 



<C2'^l[\\PkM\s[k,- 
1=1 



1.2.1) PfeiVi at modulation > 2'=2+i"0, at modulation > 2^=2- 



100. 



||Po[^i.-PfciQ>fe2 + 10oV'lV Pk2Q>k2-10Qlp2d'' Pk.,1p3]\\LlLl 

< C\ \RuPkt Q>fc2 + 100V'l I Il?l~ I l^"^^fe2Q>fc2-100V'2 I Il?l~ I W Pk^TpzWh-^ LI 



<C2'^^-'^-\{\\PuM\s[kA 

1=1 



(112) 
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1.2.2) Pk.Tpi at modulation > 2*^2+1"°, Pk^-ip2 at modulation < 2'=^-!"°, Pk^-ips at 
modulation > 2*^2-1°": 



||Po[-R!v-PfciQ>fe2 + 100'(/'lV ^ Pk2Q<k2-W0lp2d'' Pk3Q>k2-W0lp3]\\LlLl 

< C\ \R„PkiQ >k2+iQoi'i I Il^l- 1 1 V^^Ffc^ Q</c2-iooV'2| | {d" Pk^^Qyk^-iooipsWL^-Ll 

3 

<C2'^^~'^^l[\\PkM\sik,] 

1=1 

1.2.3) PfciVi at modulation > 2'=2+ioo, Pfc2V2 at modulation < 2''^-^°°, Pk^il^z at 
modulation < 2'^='"^°": note that provided Pk^ipi is at modulation 2'', r > /c2 + 100, 
then the output is at modulation ~ 2^. Hence 



||-Po[ ^ RjyPkiQrfplV ^Pk2Q<k2-100lp2d''Pk3Q<k2-100lp3]\\N[0] 
r>fc2 + 100 

< \\P0Qr+O{l)[R.Pk,Qr4'l['^~^Pk2Q<k2-100i'2d''Pk,Q<k2~100H\\^-i.-l.i 
■r>A;2 + 100 ''3 

< J2 C2-i||i?,Pfe,Q,Vi||i2i^||V-lPfc,g<fe,_100V'2||Lri~ 
r>fc2 + 100 

\\d''Pk3Q<k2^100i'3\\L^Ll 

3 

< C2-H-^^2-^2^l[\\PkM\s[k,] 

r>fc2 + 100 1=1 
3 

<C2^i-^-^[]||Pfc,^,||s[,,] 



(114) 



2): Pfc^Vi at modulation < 2''^+^°°. 

First, reduce to the case that Pk^ips has modulation < 2'^^^^'^": note that 

||Po[P^PfeiQ<fci + 10oV'lV"^Pfe2'(/'29''Pfc3(5>fci_iooV'3||LjL2 

< C\\R^Pk^Q<ki + 100^l\\LiL^\\^^^Pk2lp2\\LfL^\\Pk3Q>ki-10ad''tp3\\L2L2 

"^-"■2 A M „ , M (115) 



<C2^l[\\PkM\sik,] 



Finally, we have manoeuvred ourselves into a position to exploit the algebraic struc- 
ture inherent in the trilinear form of the lemma, i.e. the '2nd half in (|3l|)'. We thus 
have to estimate the following terms: 



2.A): 
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□(V-iPfc,Q<fe,+iooV'i^'fe3Q<fei-iooV^3)V-iPfc,V'2 (116) 



We first reduce V ^Pki^ to modulation < 2'^^ 



-100. 



||n(V ^Pfei(3fci-100<.<fei + 10oV'lft3Q<fei-10oV'3)V ^Pfc2V'2|U[0] 



1 1 oo 

^fc3 + 0(l) 



\\Pk^i^2\\s[k2] 

<2**'^"'^'2^||V-lPfc,Qfc,_100<.<fci + 100^l||LfL-||Pfc3V'3||LrL^ll^fe2^2||s[fe.^ll7) 



Z=l 



We want to place (, ) into L^L'^, then apply lemma However, in order to avoid 
an exponential loss in fci, we would have to place W^^Pk^ipi into L^L'^, which 
is impossible. Hence we need to invoke null-frame spaces, and in particular the 
identity (IZF 



2.A.1): Both inputs of (, ) have modulation << than the modulation of (, ): assume 
that (, ) is localized to modulation 2^. Hence by our assumptions r < ki+0{l). Now 
assume that the inputs of (, ) have modulation < 2'^~^^^. Then using lemma(13.2) 
in ||l^ , microlocalizing the inputs to the upper or lower half-space, we can restrict 
the projections to 5*^ of the Fourier supports of the inputs to spherical caps ±k, ±k' 
of size 2^^~^° at distance C2~2^, where the ±-signs are assigned corresponding 
to whether the function is microlocalized in the upper or lower half-space r >< 0. 
Utilizing yields 
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||<3r(V ^PkiQ<r-W0'^lPk3Q<r-100i>3\\^Ll 

<4sup 

K,K'eKr-k ,dist(±re,±«')=C2^~2^ 
— — ^° 

||Qr(V-^Pfei,«Q<^_10oV'l-Pfe3,«'<3<r-10oV'3||i?Z,J 

<Csup 

K,K'eKr-k ,dist(±K;,±K')=C2^~2^ 
~2 °° 

II V ^-Pfei,K<3<r-10oV'l-Pfe3,K'<3^-100<.<r-fei+fe3-10oV'3||L2j;,2 

+ Csup Yl 

' r — ki 

K,K'eKr-k _^u,dist(±«,±K')=C2~5~ 

||V~^PfeiK<3<r-10oV'l-Pfe3,K'<3<r-fei+fe3-100'^3||l,2L2 



Now 



^UP Y 11^ ^'Pfci,«<3<r-100V'l^'fe3,«'<9<r-fei+fe3-100V'3||Lfi2 

<Csup Y 2-^||Pfej,«Q^^_iooVi||s[fei,±«] 

K,K'eK _^^,mst{±K,±K')=C2^s— 

l|-Pfc3,K'<3<r-fci+fc3-100^3||s[fe3,±«'] 

<C2-^sup( 5^ ll^'fei,±«Q^.-iooV'i|||[fa,«])^ 

( X] ll-Pfe3,±«<3<r-fei+fc3-10oV'3|||[fc3,„])^ 

<C2-^||Pfe,Vi||s[fc.]ll^'fc3V'3|U[M 



Moreover 
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sup 

K.K'eK^-k ,„.dist(±K,±K')=C2~?^ 

— 5 ' 

\\'^~^PkunQ%r~W0'^lPks,n'Qr-10a<.<r-ki+k:j-W0^3\\L^^Ll 

<Csup l|V"^Pfci,«:Q<,,_ioo'/'i||Lri? 

k,k'£K r-ki ,dist(K;,K')=C2~2-^ 
ll^'fc3.K'Q^_100<.<r-fei + fc3-100^3||L?L2 

<^?SUp J2 C2^\\Pku.Q<r^lOoMLrLl 

K.K'G-ftTr-fc, ,dist(K,K') = C2 2 

I |-ffe3,'«''3r-100<.<r-A;i + fc3-100'''^3| Il^^s 

<C2-i\\PkMsik^]\\Pk,Msm 



Hence inserting the preceding two results into ( 116 ) and utilizing lemma 3.3, we 
deduce 



II Y nQr(V ^P/ciQ<r-lOO'01^'/c3Q<r-lOO^3)V ^Pfe2^2|U[0] 
r<fci+0(l) 

r<fci+0(l) 1=1 (218) 



< 



2. A. 2): At least one input of (, ) has modulation > 2''"^°°: 

||Qr(V~"^PfciQA:i-100>.>r-10oV'l^fc3'9<*;i-100''/'3)llL2L2 
< C\ I V^-^Pfci Qfci-100>.>r-10oV'l I liji^ I \Pk3Q<ki-10oi^3\\L^Ll 

<C2-i\\PkMs[k,]\\PkMs[k,] 

||Qr(V ^PkiQ<r-W0'(plPk3Qki-W0>..>r-W0'^3)\\L^Ll 
< C||V~"^PfeiQ<r-10oV'l|k~L~ ||-Pfc3Qfei-100>.>r-10oV'3||L2^2 

<2'i\\Pk,4'i\\sik^]\\PkMsiks] 



Now proceed as before to conclude 
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II X! °'3r(V ^-PfeiQ<fa-100V'l-Pfe3<3<fei-100V'3)V ^Pfe2V2||jV[0] 
r<fei+0(l) 

<^2^(..-..)]^||p^^^^||^j^_j (119) 



2.B): 



□ (V-iPft,Q<ft,+iooV'i)n3Q<fei-iooV'3V-iPfeV'2 (120) 
We can estimate this directly: 

||Po[n(V-^PfeiQ<fei+iooV'i)ffe3Q<fei-ioo^i'3V-^Pfe,V2]||jv[o] 

< \\PoMV-^Pk,Q<k^+WO''Pl)PksQ>k^-WO''p3^~^PkM\LlLi 
+ \\P0p{^-^Pk,Q<k^ + W0^l)Pksi^3^~'PkM\LlLl 

<C7||n(V-^Pfe,Q<fe,+10oV'l)llL?L~||Pfc3Q>fci-10oV'3|U?Ljl|V-'PfeV2|kri~ 

+ c||n(v-ipfc,g<fc,+ioo^^i)IU2^oo||Pfc3V'3lUjL4j|v-ipfeV2|Uji4 (121) 

3 

<C2^l[\\PkM\sM 
1=1 

which is of course acceptable because of fci < A;2 — 10 < 0(1). 
2.C): 



V-iPftig<fci+ioo^in(Pfc3Q<fci-iooV'3)V-iPfeV'2 (122) 
This is again straightforward because 

||Po[V-lPfe,0<fe, + 100^in(Pfe3Q<fei-100^3)V-lPfe,V2]||LjL= 

<C\\V-^Pk,Q<k, + 100MLtL^\\'^~^PkMLtL^\P{PksQ<kr-100iJ3)\\LlLl 

<C2'^f[\\PkM\s[k,] (^^^^ 

1=1 



This finishes the proof of the lemma, and thereby the proof of Case l.A). 
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This is tlie case corresponding to high- high interactions in [,], and can be rewritten 
as 



3 

fc<min{fei+O(l),-10} j=l 

We want to proceed in analogy to the case l.A), by first reducing output and 
input Pkstp3 to small modulation, in this case modulation < 2'^"^°", where k < 
minjfci + 0(1), —10} is held fixed. Since we are eventually summing over k, we 
want to obtain an exponential gain in the difference k — ki. Keep in mind that 
k-i = k2 + 0(1) for this case. We will use the "imbedded Qi,j null-form". 

Output has large modulation 

1.1): Output has modulation 2' with k — 100 < / < fci + 100, Pk^^z reduced 
to modulation < 2^^"^°°: We use here the simple identity R„fRjg — RjfR,^g = 
di,(V^^ fRjg) — 9j(V^^/i?,y.g) in order to pull out a derivative of [, ]. This will 
allow us to play the modulation of the output against the larger frequencies of the 
inputs of [, ] : 



3 

II PoQi{Y,Pk^~^9j[R^Pk,i!iRjPk,i>2-RjPk,i>iR.Pk^M 

fe-ioo<i<fci+ioo i=i 

■Pfca Q < ft- 100 V'3 ) I U [0] 

< C\\PoQi{PkQ<i+o{i)A~^yx,tdAyx,tV-^Pk,i^iV-^Pk,M 

fe-100<i<fei + 100 
^'fc3<3<fc-1009''V3)|| .-1,-1,1 

^0 

< C2-52*2'||V,,tV-lPfe,VlV-^Pfc,V2||L?L2||Pfe3Q<fe_iooa''V3||Lr^J 
fe-100<(<fei + 100 

<C Y 2^2-'=^ni|Pfe>„|U[,„] 

fe-100<i<fci + 100 a=l 
3 

< C2^ JJ ||Pfe>„||s[fe„] 

a=l 

1.2): Output has modulation 2' with k — 100 < I < ki + 100, Pfe3V'3 reduced to 
modulation > 2'="^°°: 
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3 

fc-100<i</ci + 100 j=l 
-Pfc3Q>fc-100V'3)|| .-1.-1,1 

< C2-^\\PkA-^dj[R,Pk,^l^xRjPk^^l}2-RoPk.^iR.PM\\LrL^ 

fc-100<i<fci + 100 
||-Pfe3<3>fe-100^3|L2LJ 

< Y. C2'"'-^\R,Pk,i^iRjPk,^2-RjPk,i'lRuPkMLooLl 

fc-ioo<z<fei+ioo (124) 

||^'fc3*3>fc-100V'3||z,2z,2 

< Y C2'^-'''I[mMsik.^ 

fe-100<(<fei + 100 a=l 
3 

<C2''-''^ll\\PkMsik^] 

a=l 



1.3): Output has modulation 2' with I > ki + 100, Pk^'tpa reduced to modulation 
< 2'"^'^°: this is the case corresponding to very large modulation (by comparison 
with the occuring frequencies) of the output. This condition then entails that at 
least one input has at least comparable modulation. Thus we can write 



3 

Y Y PoQi{^~^djPk[R^Pk,i!iRjPk^i>2 - RjPk,i^iR.Pk2HPksQ<i-wod''i>3) 

Z>fci + 100 j = l 

3 

= Y YPoQi{A-%Pk[R.Pk,Q>i-iooi^iRjPk2i^2 - RjPk,Q>i-ioo^iR.Pk,H 

;>fei+ioo j=i 

PksQ<i-wod"ip3) (125) 

3 

+ Y X^-PoOz(A"^9jPfc[i?^Pfei(3<z_ioo'0i-Rj-Pfe<9>i-ioo'i/'2 - RjPkiQ<i-iooiJi 

i>fei+100 j=l 
Ri^Pk2Q>l-100tp2]Pk3Q<l-100d''tlJ3) 



For example, we can estimate 
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3 

Y.\\^oQi\^'^^jPk{R.Pk,Q>i-ioai'iRjPk,iJ2)PksQ<i-iwd''iJ3]N[o] 
;>fei+ioo j=i 

3 

< E^2-3||A-iajFfc(i?,Pfc,Q>z-ioo^ii?,Ffc,V2)||L?L- 

/>fel + 100 3 = 1 

\\PksQ<i^iood''MLrLi 

3 

Y Y'^-h^''\\R,Pk,Q>l-looML-,Ll\\R3Pk,H\LrLl 

i>fci+iooj=i (126) 

\\Pk,Q<i-iood''MLrLi 

< Y c2''-'"-'f[mMs[k.] 

/>fel + 100 a=l 
3 

<C22('=-^-^)I]||Pfc>,||5[fc„] 



The other terms in (U2a) are estiraated similarly and therefore left out. 



1.4): Output has modulation 2' with I > ki + 100, Pk^ipa reduced to modulation 



Y \\PoQi[Pk^-^dj[R,Pk,^iRj^2 - RjPk^^iRu^2)Pk,Q>i-imd''M\L\Li 

/>fei + 100 

;>fci+ioo 

3 

< Y ^2^^ \{\\P^Ms[k.] (127) 

Ofci + lOO a=l 
3 

<C2"-^\{\\PkMs[k^] 



Output has small modulation 



2.1): Output has modulation < 2'^ Pfc3V'3 reduced to modulation > 2''+^°°: 
notice the identity 
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= X! PoQ<k-ioo[PkQi+o{i)^^^dj{Ri,Pki'i{jiRj^p2 - RjPkiiJiRuPk2ip2) 

l>k+100 

Pk.Qid^'ij^] 
Next, observe that 

PkQl+o(l)iPk^fPk,g) = 

PkQl+0(l){PkiPl+0(l)Q <l-Wf) f)Pk2Q Ki-img) 
+ PkQi+o{i){PkiQ>i-wofPk29) 

+ PkQl+O{l)iPkiQ<l-W0fPk2Q>l-W0g) 

Thus we conclude that this case can be estimated by 

C2^\\R^Pl+O{l)PkiQ<l-100^l\\L^Li\\RjPk2Q<l-W0i^2\\LiLi\\Pk3Qld''i^3\\L^,Ll 

/>fe+100 

+ J2 C2^''\\R.Pk^Q>l-100ML-,Ll\\RJPk2H\LrLl\\PksQlML^,Ll 
l>k+100 

+ J2 I \R,^Pk, Q<i-wo^i Wl^liI \RjPk2Q>i-iooH\^Ll \\Pks Qid^MLjLl 

/>/c+100 

3 3 

< c2'^f[mMs[k.]+ Y c2^''-'-'''l[m.^a\\s[k.] 

i>fc+100,i=fci+O(l) a=l ;>fe+100 a=l 

3 

<C2^l[\\Pk^^a\\sik^] 

Having reduced output and Pk-i'4^3 to smah modulation, we can now invoke the 



identity ( 105 ) and proceed in exact analogy with case l.A). Since this does not 
entail any additional difficulties, it is left out. This then finishes the low-high case 
1). 



2): High-High Interactions: [,] at frequency 2^-'+'^^^'^ > 2'^°, > 10, i.e. 

^3 > 0(1). 



We will again utilize the algebraic structure of the null-form, but in a somewhat 
different fashion than before. The first step will involve reduction to comparably 
low modulation of output and third input. Having achieved this, we will try to 
pull out the di, from the input of [, ] with larger frequency: Assume w.l.o.g. in the 
sequel that the 1st input of [, ] has larger frequency, i.e. <ki. 
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3 

< cY,'^-'''\\R,Pk,tpiRjPk,iJ2 ~ RjPk,i^iR.PkML-,L-\\9''Pk,Q>kM\L-,L^ 
3=1 ^ (128) 

3 

<C2~^-2^^\\PkMsyk.\ 



2.2): Output at modulation > 2", Pk^'t/Js at modulation < 2'' 



3 



ll-PoO>o(5Z A-ia,[i?,Pfe,i/^ii?,Ffc,V2 - RjPk,^iR.Pk,i^2]d''Pk,Q<k,i>3)\\^ 
< C2-^-'||i?,Pfc,Vii?,^'fe2^2 - RjPk,i^iR.PkMLjLiWPk,Q<kM\LrLi 

3 

<C2-^2^nil^''^>''lls[fc.] 



2.3): Output at modulation < 2*^, Pks'tpa at modulation < 2'^^: A simple algebraic 
manipulation reduces this case to the sum 



3 

\\PoQ<o{Y.^-'djd4R,Pk,^2^-^Pk,i^iWPk,Q<k,^3)\\Nio] 

(130) 

+ \\PoQ<oiJ2^-Pk,i'2y-'Pk^^lPk,Q<k,d''^3)\\NlO] 

For the first of these, we want to remove di, from [, ], as this term might have very 
large modulation. We are in a favorable situation since letting di, fall on the output 
is harmless on account of our assumptions, while letting it fall on the third term 
PkaQ Kkad'^ Tps is q uite useful, as it produces a D-operator. Thus we majorize the 



first term of (130) by 



J2\\PoQ<odA^-'dj[R,Pk,i'2y-'PkMPksQ<ksd''^3)\\N[o] 
i=i 

3 

+ \\PoQ<o{^'^dj[R,Pk,^2^-'PkMaPk,Q<kM\\Nio] 

3 = 1 
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For the first term in the immediately preceding, we have 



^l|/'og<oa.(A-ia,[i?jPfc,^2v-ipfc,Vi]Pfe3Q<fc3<9>3)llLiL2 

3 

<C2-''^2^^l[\\PkMsik.] (131) 

a=l 

3 

k-1 k'-j — k-i ~m — r 

<C2--2~l[\\PkMs[k.] 

a=l 



We have used here that in the present situation ki > + 0{1). 



For the 2nd term, we have 



\\PoQ<o{A-^d,[R,Pk,^2V-^PkMoPk,Q<k,i'3)\\LlLi 

<C2-''^-''^\\R,Pk,MLfLl\\Pk,MLni\PPksQ<k,ML?Li 



< C2''^^2^ llWPkMsik^] 

a=l 
3 

< C2-''-'2^ l[\\PkMsik^] 



(132) 



Hence in order to finish case 2), we n eed to deal with the 2nd term in ( |13C| ). But 
this is immediate, referring to lemma O in the preceding section, as well as the 
disposability of PoQ<o, PkaQKks- 



3): High-Low Interactions: [,] at frequency > 2 k^ < —10. 



This case is the most elementary on account of the fact that a low frequency term 
is hit by a derivative. Moreover, it can be dealt with by the same methods as 
in the immediately preceding case, so we shall discuss it only briefly. First, one 
reduces the output to modulation < 2° and the third input Pk^fps to modulation 
< 2*^3 ^ Then, as we only have to deal with the case when the inputs ■01 ) '02 are at 
frequencies 2*^1, 2*^= with ki = k2 + 0{1) » 0(1) (otherwise, evaluate all inputs 
in LfL^), we use as before the identity 
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3 

1 

3 

Y,PaQ<adu{^~^dj[V-^Pk,i^iRjPk^^2WPk^Q<k^i}i) 



3 



i=i 

3 

- 5Z ^og<o(A-i5j[V-iPfe,^ii?jPfc,V'2]nPfe3Q<fc3V'3) 
-PoQ<o{y-^Pk,^iRuPk^'4^2)d''Pk^Q<ks'4^i 

Each of these can be easily estimated: 



\Y,PoQ^o{^-^dj[V'^Pk,i^iRjPk,M^Pk,Q<k,'ip3)\\Nm 

3 



\\PoQ<o{^-^Pk,i'lRuPk^ll^2)d"Pk^Q<kMLlLl 
3 

<C2-^2-^J{\\PMs[k.] 



(133) 



\Y,PoQ<Qd,{^-^dj[V-^Pk,^l:^RjPk,i^2WPk,Q<kM\N[o] 

3 

< \\PoQ<od.{^-^9j[V-^Pk,iJiRjPk,H9''Pk,Q<kM\LiLi 

3 

< X]C'||V-lPfc,Vl||L3La||i?i^'feV'2|L3^6||a''P,3g<,3^3|L3La ^^^^^ 

3 



< 5^ ||PoO<o(A-la,[V-lPfc,V^iP,Pfe,V2]nPfc3Q<fc3V'3)||L;L2 

3 

< ^C||V-lPfe,Vli?,PfeV'2|U?L2||nPfc3Q<fc3V3||L?LSo ^^^^^ 

3 



(136) 



a=l 
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Of course, in order to verify the statement of the Proposition, we can even discard 
the exphcit gain in fci . This finishes the proof of the Proposition. ■ 

5.4. The Gauge Change Estimate. 

Proposition 5.5. Let f{x) be a smooth function with all derivatives up to and 
including fourth order bounded. Then, provided (j)j , i]j are Schwartz functions with 
max{||Pfe(/)j||s[fe], ||Pfe-(/'||5'[fc]} < Cfc for a frequency envelope Ck as in the previous 
section, we have 

3 

||Pfc(/(A-i^5,-^,)V)||s[fc] < Cck (137) 

Proof The proof of this assertion will consist in the careful analysis of many 
different cases. In particular, the following observation will be used many times: 
Let u e C°°(R"), and F e C°°(R). 

Lemma 5.6. Let X be a translation invariant norm defined on all measurable func- 
tions, and F, u as before. Then 



m{F{u))\\x <C\\Po{VuF'{u))\\x (138) 
The proof of this is immediate: We have 



Po{F{u)) = PoPo{F{u)) = Po(^ A-ia|Po(P(w))) 
= Po V / A-^djrno{x - y)dj{F{u)){y)dy (139) 
= PoT.f aj{x-y)dj{F{u)){y)dy 

where aj{y) = A~^dj{rno){y), mo is the symbol of Pqj and Pq is a Fourier multiplier 
like Po whose symbol equals 1 on the Fourier support of Pq. Since a{y) has finite 
L^-norm, the claim follows. 

The reason why the previous lemma might be useful is that by hitting the function 
/ in the Proposition with a derivative, we gain an extra factor which is morally 
equivalent to 4>. The more such factors arc present, the more freedom is gained in 
proving the necessary estimates. In particular, we must and can avoid to expand 
the function into a power series(which would require real analyticity anyways), for 
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then the crucial Z/°° bound would be lost. 

The following lemma will also be used many times in the sequel: 

Lemma 5.7. Assume that ||-PfeV'ills[fc] ^ c^, with Ck a frequency envelope as before, 
ipj e 5(R^+^), j e 1, 2, 3. Provided that k<j + 0(1), we have 



\\PkQj{f{j2^~'9ji^MLlLi < (140) 

Proof Replace X]j=i ^~^djip formally for simplicity's sake by V~^ip. For the sake 
of simplicity, assume that |0(1)| in the formulation of the theorem and throughout 
the rest of the paper is < 50. Wc split the expression as follows: 

nQ,(./(v-V)) = □-^Pfcg,(nv-V,/'(v-V)) 

+ □-ipfcg,(a,v-V5"v-V/"(v-V)) 

= n-iPfeg,(Pfc+o(i)nv-V^"<fe_ioo(,/'(V-V))) 

+ □-'PfeQ,(i'<fe-ioonv-Vn+o(i)(/'(V-V)) (141) 

+ Yl □-^Pfeg,(P;,nV-Vi^;.(/'(V-V)) 

il=i2+0(l)>fe+0(l) 

+ □-'Pfcg,(9.V-V9''V-V/"(V-V)) 

where D~^Pi^Qj is a Fourier multiplier with symbol _ This opera- 

tor is actually disposable on account of j > k + 0{l), but its boundcdncss on L^L"^ 
is entirely elementary. Indeed, its operator norm is dominated by C2^^^ . The first 
3 terms above represent the usual trichotomy into high-low, low-high, high-high 
interactions. We treat these first, the last term being most elementary. 

1): High-Low: Split this as follows: 

□-iPfeg,-(P,+o(i)nV-VP<fc-ioo(/'(V-V))) 
=n"'Pfegj(Pfc+o(i)g<j+ioonV-VP<fc-ioo(/'(V-V))) (142) 
+ n-iPfcg,(Pfe+o(i)g>,+ioonV-VP<fc-ioo(/'(V-V))) 

The LjL^-norm of the first term can be estimated by C2^2~^^Ck < Cc/j2~5J-# 
by placing Pk+o{i)Q<]-iooO'^~'^i> into ifi^. 
As to the 2nd term, write it as 

o-^PkQj J2 ^fe+o(i)gznV-VP<fc-ioogz+o(i)(/'(V-V)) 

/>i-i-ioo (143) 

where we have used the fact that if (ti,^i) denotes a point in the Fourier support 
of n\/~^tjj and (t2, ^2) denotes a point in the Fourier support of P<fc-ioo/'(V~^V)) 
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while (t, ^) denotes as point in the Fourier support of the output, we have the 
condition 

V ^ \\t\ - U = In ± 161 +r2 ± 161 T 161 T 161 ± 16+611 (144) 

where the signs have been chosen in such a way that \Ta ± |6II — \ Va\ — I6II1 ki + 
T2±|6+6II = |ri+T2|-|6+6IUG 1,2. This forces the factor P<fc_ioo/'(V-V) 
to be microlocahzed at the indicated modulation. Now use the L!^-boundedness 

of the operator P<},Qi^o(i) with symbol "'-'°"^'^""+^'^'"'^'~'^"^ indeed, this 
operator is given by convolution with a kernel whose L^-norni is < C2^'. This 
allows us to estimate this term by 

-iooQ;+o(i)(/'(V V))IIl2l2 

!>i+ioo 

< II E ^fc+o(i)Q/nV-VVr'P<fe-iooQi+o(i)(5tV-V/"(V-V))llL?L2 

i>i+ioo 

< E I l^fe+o(i) °v- VI lif 1 1 vr'P</c-iooQi+o(i) (v-i9t^/"(v- V))l II^ 

i>j+100 

< E C'2'cfe2-'2^ < Ccfc2^ 

i>j+100 

Hence the L^L^-norm of the 2nd term in ( |142| ) can be estimated by an expression 
of the desired form. 

2): Low-High: Split this term as follows: 

□-'PfcQ,(P<fe-ioonv-V^^fe+o(i)(/'(V-V)) 
^□-iPfcQ,(P<fe_iooQ<j+ioonV-Vn-+o(i)(/'(V-V^)) 
+ n-ipfcg,(F<fe_iooQ>j+ioonv-V-Pfc+o(i)(/'(V-V))) 

We have 

□~'/'fcQ,(P<fc-iooQ<,+ioonV-VPfc+o(i)(/'(V-V))) 

3 

= □-ipfcg,(p<fe_ioog<,+ioonv-VE^fc+o(i)A^i9a(5aV-V/"(v-V))) 

a=l 

whence 

||n"'PfeQ,(P<fc-iooQ<,+ioonv-V^'fc+o(i)(/'(V~V)))||L?L2 

3 

< 2"2^C242*2"'= < C2-^-'s 
Also, 

^ □-iPfeQ,(P<fc-iooQ/nV-V^^'fe+o(i)Qi+o(i)(/'(V-V))) 

l>j+10Q 
i>j + 100 
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Therefore 

\p''PkQj{p<k-iwQiav-'i;Pk+oii)Qi+oii)ir('^-'m\\Lui 

/>j + 100 

^2-'-'' E E ll^'rQ/nV-VllLtLj2-'||5,V-V/"(V-V)llLfLj 

/>j + 100 r<A;-100 
i>j + 100 r<A;-100 

3): High- High interactions: We have 

E □-ip,Q,(P,,nV-V^i.(/'(V-V)) 

h=l2 + 0{l)>k+0{l) 

3 

E □-'PfeQj(PiiQ<;i+io(nV-V)E^;2A-'9a(aaV-V/"(V-V))) 

ii=i2 + 0(l)>fc+0(l) a=l (145) 

+ E □-^PfcQ,(PhQ>/i+io(nv-V)^i.(/'(V-V))) 

il=i2+0(l)>fc+0(l) 

But \\Pi,Q<i,+ioiOV-^mLUl ^ ^AiQi, and ||aaV-V/"(V-V)l|Lri| =^ ^ by 
the fundamental theorem of Littlewood-Paley theory; also, Pi^lS^^da is given by 
convolution with a kernel whose L^-norm is bounded by C2~'^, so we can estimate 

3 

h=h+0{l)>k+0(l) a=l 

< 2-2J 2^001,2-^^ < 2-^^C 

ll=l2+0{l)>k+0{l) 

where in the last step we have used Bernstein's inequality. 



As to the 2nd term in (145), we have 

E □-iFfcQ,(P,,Q>,,+io(nV-V)Pi,(/'(V"V))) 

ll=l2 + 0{l)>k+0(l) 

E □-^Pfcg,(Pi,Q,+ioo>.>ii+io(nV-V)^i.(/'(V-V))) 

ll=l2+0(l)>k + 0{l) ^^^g^l 
+ E °"'^fcQj(^ilQ>maxb + 100,ii+10}(nV-V)-Pi.(/'(V-V))) 

h=l2+0(l)>k+0{l) 

The 2nd term in the immediately preceding is estimated as follows: 

II E □-^Pfcgj(Pi,Q,+ioo>.>i,+io(av-V)i^i.(/'(v-V)))llL?L^ 

ll=l2+0(l)>k+0{l) 

< E E ||n-^PfcQ,(Pi,Q.(nV-V)P;.(/'(V-V)))llL?L2 

j + 100>r>;i + 10 (i=i2+0(l)>fc+0(l) 

<C2-2^||F,,g,(nv-V)llL?L^II^;.(/'(v-V))llLrir 

<C2-^= E E 2^Q, <2-^-tc 

i+100>r>ii+10 ii=i2+0(l)>/c+0(l) 
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As to the 3rd term in ( |146| ), we have 

r>max{j+100,ii+10} 

J2 o-^PkQ,{QraV-'i:Pi,Qr+oii){f'{^-'m 

r>max{j + 100,ii+10} 

Arguing as in the corresponding high-modulation-inputs case for the high-low or 
low-high interactions, we have 

j2 o-'PkQj{PHQrOv-'i^Pi,Qr+oii)in^-'m 

r>max{j + 100Ji+10} 

E 0''PkQ3iPhQraV-'ijVi'Pl,Qr+0(l){dtV^f"iV-'m 
r>max{j+100,;i+10} 

E 

r>max{j+100,ii+10} 

□"'PfcQ,(PhQ.°V-VVr'Pi.Qr+o(i)(Pi.+o(i)5tV-VP<i.-ioo/"(V-V))) 

+ E 

r>inax{j + 100Ji + 10} 

3 

□"'PfcQ,(PhQrDv-Vv,-'Pi.g.+o(i)(5tV-VE^>'^-io"^"'^-(^-^"'^/"'(^"'^))) 

a=l 

Now 

E E \P''PkQj{PhQrDW-'i;Wi'Pi,Qr+oii){Pi,+oii)dt^~'i^ 

Ii=l2+0{1) r>max{j + 100,ii+10} 
P<i.-100/"(V-V)))llL?L^ 

^2"'' E E ||Pi,Q.nV-VllL^L42-n|Pi,+o(i)atV-V 

ii=i2+0(l) r>max{j + 100,ii+10} 
P<i.-100/"(V-V)llLtLj 

^2"^^ E E 2'-2^c,,2-'-Ci, < 2-2^C 

Ji=i2-|-0(1) r>max{j + 100Ji+10} 

Moreover 

^ J2 ||n-'PfcQ,(PiiQ.DV-Vvr'Pi.gr+o(i)(5tV-V 

Zi=;2-|-0(1) r>max{j + 100,ii-|-10} 
3 

a=l 

^2"'' E E 2'=||P,,Q,nV-VllL^L42-n|5tV-VllL^L4C2-'^ 

ii=i2-|-0(l) r>max{j + 100Ji+10} 
llSaV-VlUril 

< 2-^^ C2''-'^2^ < 2-2^C 

ii=i2-|-0(l) !->max{j"+100,ii-l-10} 

where we have used Bernstein's inequality for the last step. 
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The last term in (141) can be estimated easily by placing cJ^V ip^d^'S/ ip into 



Continuing with the proof of the Proposition, we split into High-Low, Low-High 
and High-High interactions: 



3 3 3 

j=i i=i j=i 

3 

ki>10,k2=ki+O{l) j=l 



10, 



Introduce the notation ^ ^^j'Pj '■= 
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High-Low Interactions. 



X. 



(147) 



This case is the most elementary, as one can immediately employ lemma 5.6 in 
order to introduce a bilinear structure, without incurring any losses. 



1) : L^L^-norm of the output. We have 

\\Podt[P-io,ioimP<i^mLTLi 

< mp-w.io{dt'^f'm)p<MLrLi 

3 

+ ^||P0[A-laaP-10,10(aa<i>/'($))P<15^]||L~LJ 
a=l 

<C J2 WPki^-ML^LtllPkML^Lt 
fei<0,fe2<15 

+ c WPki'^-MLrLiWPkML^Lr 

/£l>0,fe2<15 

fci<0,fe2<15 A:i>0,fc2<15 

<Ccl 

• i i OO 

2) : Xq'^' -norm of the output. 

2.1) Output at modulation 2-' with j < 100: 

||PoQ,[P-10,lo/($)P<15V']||,.i,i, 



< E \\P0QA^-'daP-10A0ida'i>f'mP<15m ■ i.l.o. 
3 

<C2iJ2\\ E ^''daP-10MdaPk,<ffm)P<15i'\\L-^Ll 
a=l fei<-100 
3 

+ C2*Ell E A-laaP-10,10(aaPfei$/'(<i>))P<15V'llL?LJ (148) 
a=l fci>-100 
3 

<C25^|| ^ A-^daP-10.10{Pk,da<^A-^dbP-20Mdb<i>f{<i>))P<15M\LlLl 
a,b=l *:i<-100 
3 

+ C2*Ell E A-la„P_io,lo(aaPfc,$/'(<i>))P<15V'||L?LJ 
a=l fei>-100 
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The first of the two immediately preceding expressions can be estimated by 



C J2 ll^<-100V$||i4i4||V$||i4i4||P<15V||LriS 

fci<-10 

< C ^ 2''ck < Ceo 

k<15 



(149) 



by definition of a frequency envelope. 
The 2nd term can be estimated by 



C J2 \\Pk,ynL^^Ll\\PkML^,Le 

fei>-100,fc2<15 

<C 2^ck,ck, < Ccl 

fci>-100,fc2<15 



(150) 



2.2) Output has modulation 2-' with j > 100: 
A): P<i5V' has modulation > 2^"^°": 



/($)P<15Q>j-looV']|| . 1 i, 



< C2 2 ||P<i5Q>^-_ioo7/,||^2^2 (251) 

< C ^ C2hk < Ceo 

k<15 

B): P<i5'(/' has modulation < 2^~^°"; this implies that -P-io,io/(^) has to be at 
modulation ^ 2P: 



23 1 \PoQ,dt [P-io4og,+o(i) (/($))^<i5Q<,-iooV^] I 
< 2i\\PoQj[P-io.ioQj+oii){fmP<i5Q<3-ioodtmLUl (152) 

+ 2* I |PoQ, [P-10,10Qj+O(l) (9t/($))F<15Q<,-100^] I 



The first summand is estimated by means of lemma 5.7 



2^\\PoQ,[P-io^wQ,+o(i)ifm)P<i5Q<j-wodtmLUl 

< C2i I |P-l0,10Qj+O(l) (/($)) I I \P<15Q<j-100dtM\LrL^^ 

<Ceo 



(153) 
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The 2nd summand is estimated similarly. 

Note that in the preceding we have established the boundedness of the xi'i'^- 
norm of the part of Po[-P-io.io(/(*I'))^'<i5i/'] with small modulation. In particular, 
we control the third component of the >S'[0]-norm, and are done with high-low 
interactions. 
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High-High Interactions. 



This case is more difficult. In particular, we have to cope with the situation that 
two high-frequency terms whose Fourier supports live very close to the light cone 
result in an output of small frequency but very far away from the light cone, which 
renders the X2>2'°°-component more difficult to control. This case would be im- 
possible to handle in 2 space dimensions. 



1): L^L^-noim of the output: 



\\dt{ Yl Po[PkAfm}PkM\\LrLi 

fel>10,fel=/S2 + O(l) 

<c wPkdmmPkMLrLi 

fci>10,fei=fe+O(l) 

+ c Yl \\PkdWm)PkMLrLi 

fel>10,fel=fe2+O(l) 

3 

<C Y \\Y^~'PMda<^fmdtPkML^Ll 

fci>10,fci=fe2+O(l) a=l (154) 

+c Y \\PkAdt<^fmPkMLrLi 

fel>10,fel=fe2+O(l) 

< Y c\\v,,tnLrLi{2-'''\\dtPkMLrLi + \\PkMLrLi) 

fel>10,fel=fe2+O(l) 

<C Y 2"^Cfc, < Ceo 

ki>W 



. i 1 (X) • i i 1 

2): Xq'^' -norm of the output: We can easily control the Xq'^' -norm of the 
output restricted to small modulations, which in particular controls the third com- 
ponent of ^[0] for the output. Hence consider now the case when the modulation 
2^ of the output is very large, i.e. j » 1. Split the output as follows: 



62 



JOACHIM KRIEGER 



(155) 



fcl=fe2+O(l)>10 

E P0Qj{PkrQ<j-10fi^)Pk,Q<j-10i^) 
fei=fe2+O(l),j+10>fei>10 

+ Yl PoQj{Pk,Q>j-wf{^)Pk,i>) 

fei=fe2+0(l) j + 10>/ci>10 

+ PoQAPkiQ<j-wf{'^)Pk,Q>j-wi^) 

fci=fe2+O(l),j + 10>fci>10 

+ E PoQjiPkjmPk,Q<j-w^) 

fel=fc2+O(l)>j+10 

+ E (Pfej($)Pfe,g>,_ioV) 

fel=fe2+O(l)>j+10 



The 2nd term in the immediately preceding is the most difficult, as we cannot em- 
ploy the X2'2>°°-norm of the inputs. Instead, we will have to resort to angular 
localization of the inputs, and exploit the third component of S[k]: 



A): Efci=fe2+o(i)j+io>fei>io PoQj{Pk,Q<j-iof{^)Pk2Q<j-iotp)- First, observe that 
if (t2,^2) arc points in the Fourier supports of the inputs P/,,^Q<j_io/($), 

Pk2Q<j-io4' respectively that contribute toward the output, we need to have 



2^ ~ llrl - 



|ri±|ai+T2±|6|T|6|T|6l±iei+6 



where signs have been chosen in such fashion that |Tj| — = l^i ± |^i||,||Ti + 
T2I - 16 + 611 = In + T2 ± 16 + 611, i=l,2. Now 16 + 61 ~ 2°, whence by our 
assumptions on the Fourier supports of the inputs we conclude that the signs of 
T|6Ii T|6I must be identical; moreover ki = k2 + 0(1) = j + 0(1). Observe in the 
sequel that in this case PkiQ<j-io is a disposable operator, viz. the definition in 
section 3. 



We need to estimate 
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2^11 Yl PoQAiPhQ<j-iofmPk,Q<j-iomL^Li 

fci=fe2+O(l),j+10>fei>10 

<2^|| ^ PoQjiPk,Q<j-iofmPk,Q<j-iodti^)\\L2L2 

fci=fe2+O(l),j+10>fci>10 

+ 2*11 PoQj{Pk,Q<j-io{dt^fmPk,Q<j-ioi^)\\^Ll 

fci=fe2+O(l),j+10>fei>10 

<2i\\ Yl PoQj{Y^~'9-P>'iQ<J-w{da^fm 

/si=fe2+O(l),j+10>fei>10 a=l 
Pk2Q<j-10dt1p)\\L^^Ll 

+ 2*11 Y PoQj{Pk,Q<j-lo{dt^f'm)Pk.Q<j-10mL^,Ll 

fei=fe2+O(l)J+10>fei>10 



We estimate the last term here, the last term but one being dealt with in an iden- 
tical manner. 

A.l): dt^ at modulation < 2-'-i°°, /'($) at modulation < 2^-1°° and frequency 

< 2^-10°: 

denote points in the Fourier supports of P<j_ioo<3<j-ioo/'(^)i Q<j-ioodt^ that 

contribute toward the output PkiQ<j-ia{Q<]-ioadt^P<j-ioaQ<j-wof'i^)) as 
(t6,6), {Ta,ia) respectively. First, note that |^a| ~ 2*^1. Next, \n\ < 2'''-^°, 
whence \Ta\ ^ 2*^^. Also, Ta has the same sign as the n of points (ti,^i) in 
the Fourier support of Pfei(5<j-io((3<j-ioo9t$P<j-ioo'3<j-ioo/'(*))- Thus recall- 
ing the comments of the preceding paragraph, we can microlocalize (5<j-ioot^t^) 
Pk^QKj-w'fp to the same half-space r >< 0. 

A. 1.1): P<j_iooQ<j-ioo/'(^) at frequency > 2*^: fixing this frequency to be 2\ < 
I < j — 100 for now, we microlocalize the Fourier support of Pf.^^oi^i-fQ ^j-ioodt^ to 
a cap of size 23('~'^i) when projected onto S'^. This then implies that Pk2Q<j-wi) 
can be restricted to have Fourier support in an approximately (up to 0(1) choices) 
opposite cap. Now utilize the important bilinear inequality 



Hence 
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\\PoQj[PkiQ<j-io{dtQ<j-ioo^Pj-ioo>.>oQ<j-ioo{f'{^)))Pk2Q<j-w'tp]\\^Li 

<E E E \\PkiQ<j-w{Pki+O{l),K9tQ%-i00^ 

PlQ<j-100{f'{mPk2,.'Q<J-10nL^,Ll 



_|_ _|_ 3i — «! 

a): Both Pki+o(i),ndtQ<j-iQo^, Pk2,K'Q<j-io'4> restricted to modulation < 2^—-. 
we can estimate 

E E iii"oQ,[Pfcig<j-io(Pfc,+o(i),«9tQ±3i-^$ 

PiQ<j-ioo{f'{mPk2,n'Q\^-,,n\LiLi 

< 2 * " 

<4sup ^ 2t('-'=^)( 5^ ll^'fe.+o(i),.S,Q±3^$|||[,^+o(i),±«])^ 

( E \\Pk2,.Q^sj^mik2,±.])^ 

||P/0<,-ioo(/'($))||l~l3 

o<(<j-ioo |o|<o(i) KeA:|(,_j^^) ^ 

+ ( E \\Pk^+a,±.dtQ%^^^,j^ n'.^.i.j'^] 

„ ^2 2 2 X/^ 

||PiQ<i-100(/'($))||LrL| 

<C ^ 2t('-'=^)2-'||Pfc,+o(i)$||s[.,+o(i)]||Pfc2^lls[fe] 

o<i<i-ioo 

<C 2i('-'=^)2-'c,,Cfc, < C2-^4^ < 2-*Ccf 

0<i<j-100 



because of j = ki + 0(1). 



b): At least one of Pki+o(i),KdtQ'^j^if)o^, Pk2,n'Q%-io'^ t^as modulation > 2^~2^: 
this is handled by placing the input with large modulation into L^L'^ and the other 
input into Lf^L^.. One thereby obtains the upper bound 



C2--- — Cfc.Cfe, < C2-Tc2 

l>0 
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Again, this suffices to establish the Proposition. 

A. 1.2): P<j-iooQ<j-ioo/'('i') at frequency < 2°: This is handled as in the preced- 
ing case, except that now Pki+o{i)Q<j-ioodt^, and Pk2Q<j-w4' can be microlo- 

calized in approximately opposite caps of size 2~ 4 . Also, P<o(9<j-ioo(/ ('I')) is 
estimated in the LJ^i^-norm. Otherwise, the argument is identical to the imme- 
diately preceding. 

A.2): /'($) at frequency > 2^-^°°: 



2*11 PoQj[Pk^Q 

fcl=fc2+O(l),fcl>10 

3 

<2i\\ PoQ,[Pfcig<j-io(9t<f^A-i9„P>,_ioo(5a$/"($))) 

fci=fc2+O(l),fci>10 a=l 
Pk2Q<J-wi']\\^Ll 



<C J2 ^'^\\dtnLrLl\\danLtLt\\Pk2Q<J^10M\LtLt 

ki=j + 0{l) = k2+0{l) 

<C Y 2-*Cfc, < Ceo 

ki=j+0{l)=k2+0{l) 



(158) 



A.3): dt<^ at modulation > 2^- 



2*11 E PoQAPk,Q>3-ioodt<fP<k,-iooQ<j-ioo{f'mPk2Q<j-iomL-^Li 

ki=k2+O(l),ki>10 
<C Y 2i\\Pk,Q>,-i00dML-^Ll\\Pk2Q<J~10i'\\LrLl 

k.=3+o(i) (^59) 
<C Y 2i2-i2-'''ck, < Cco 

fei=J+0(l) 



A. 4): /'($) at modulation > 2^ '': use lemma 5.7 to conclude 
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2*11 E PoQj[Pk,Q<j-ioidt'fP<j-iooQ>j-ioo{f{mPk.Q<j-ioi^\\L^Li 

ki=k2+O{l),ki>10 

<2iC \\P<j-100Q>j-100{rm\\^L^\\Pk.Q<j-10^\\LrLl 

fel=fc2+0(l)=i + 0(l) 

\\Pk,+oii)dMLrLi (160) 

<C E 23 2J2-T2-'==Cfe, < Cco 

fci=fc2+0(l)=i+0(l) 



Returning to the remaining terms of (155): 



B): J2kr=k2+0{l).j+W>kr>wPoQjiPkiQ>j-lofi'^)Pk2^)- 



2^11 E Pog,[Pfc.Q>,-io(/($))/'fc.V']iiL?Lj 

/ci=fc2+o(i),i+io>fci>io 

fel=fc2 + 0(l) (^^g-^^ 

< E ^^2-'=icfc, < Geo 

10<fci=fc2+O(l)<j + 10 



2^11 E PoQj[Pk^Q<,-io{fmPk,Q>j-wmLui 

fci=fc2+0(l) j + 10>fci>10 

3 

< E E c^2^||p,,Q<,_io(EA"'^«(^«'5'/'W)IUri^. 

fci=fc2+0(l) j + 10>fci>10i>j-10 a=l 
\\PkM\\L-,Ll (162) 

< E E C2*2-^-^2^2'tcfe, 

fei=fc2+0(l) j + 10>/ci>10 Z>J-10 

<Cco 



D): EkMO(l)>J+loPoQAPk^fmPk.Q<J-loi^)■ 

The argument is a Uttle more convoluted here, since P^^ Qj isn't disposable anymore. 
Note that /(<&) can be restricted to modulation > 2^+'^'^^ 
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2^ ^ \\PoQj[PkjmPk,Q<i-10mL-^Ll 

fci=fc2+o(i)>i+io 

<C2¥ \\Pk.Q>j+Ow{f{m\L^,Ll\\Pk,Q<j-wi'\\LrLl 

fcl=fc2+O(l)>j+10 

3 

<C2^ ^ ||^A-ia„Pfc,Q>,+o(i)[5aPfc,+o(i)Q>j+o(i)* 

A;i = fe2+O(l)>i + 10 0=1 

f<j-100<3<j-100(/'(*))]||L?I,jl|f'fc2Q<j-10V'l|L~i:,J 

3 

fei='s2+O(l)>j+10 a=l 

-P<j-ioo<3>j-ioo(/'(*))| 11,2^2 1 |Pfc2Q<j-ioV'l|i:,ri'^ 

3 

+ C2^ E \\YA-'daPk,Q>j+0(l)[da<^P>j-Mf'{m\\L^,Ll 

fei=/s2+O(l)>j+10 a=l 

ll-Pfe2Q<j-ioV'lk°»L2 



Each of these terms is straightforward to estimate. We have 



3 

2* E llE'^~^^«-^'=i'5>j+0(l)[9a-Pfei+0(l)Q>j+0(l)* 

fei=fc2+O(l)>j + 10 a=l 

P<j-100Q<j-100{f{'^))] I |l2£2 I |Pfe2 Q<J-1O'0I lifi^ 

< C2^ ^ 2-'=i||Pfc^+o(i)g>,+o(i)V$|U2^2||P<,_iooQ<,-ioo(/'W)||Lri- 

fei=fe+O(l)>j+10 
l|-Pfe2<3<j-10V'l|if 

2_2-fci2-^2-T-2-5cfei 

fci=fc2+O(l)>J + 10 

<C Yl 2^-2'=icfe, < Ceo 

fcl=fc2+0(l)>j+0(l) 



68 JOACHIM KRIEGER 

3 

2^ J2 \\Y,^~'daPk,Q>,+Oil)[daPk,+Oil)<i>P<J-100Q>j-100if\m\\L^Ll 

fei=fc2+O(l)>j + 10 a=l 

l|-Pfc2<3<J-10V'l|L~L2 

<C 2*2-'=^||Pfc,+o(i)V<I>|U^i2||P<,_ioog>,-ioo(/'(<i>))||L?L^=o 

fci=fc2+O(l)>J + 10 

\\Pk2Q<]-lQi^\\L^Ll 

fci=fc2+O(l)>J + 10 

<C J2 < Cco 

ki=k2+O(l)>j+10 

Here we have used lemma ^.7[ . 
Finally 

3 

2^ J2 \\Y^~'9aPk,Q>,+Oil)[da^P>J-100{f'{m\\LUl\\Pk2Q<J-10i^\\Lr 

fei=fc2+O(l)>i+10 a=l 

3 

^ E E 2-'^-M|a.$||^.^.||P>,_i„oA-i9b(4<j>/"(<I>))||i4^. 

fci=fc2+O(l)>j+10 a,&=l 
\\Pk2Q<]-10lp\\L^Ll 

< Y C2^-'''-^cu, < Cco 

ki=k2+0{l)>j+W 
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Low-High Interactions 



This case is hard as controlling the Xq ' ^ ' -norm of the output for small modula- 



tions forces us to utilize lemma 5.6 when /($) is at small frequency, hence incurring 
an exponential loss which we can only make up for by invoking another case of an- 
gular localization and employing the third component of S[k]. 



1): L^L^-norm of the output: 



\\dt[p<-ioifm)p-ioAomLrLi 

< C\\P.io,wdtij\\LrLl + \\P<-widt^f'm\\LrLl\\P-wM\\LrLl 

< Ceo (163) 



2): XQ^'^'^^-norm of the output: For high modulations of the output, this can 
be done exactly as in the high-low case. Now assume that the modulation of the 
output is 2^ < 2^1". 



PoQAP<-ioifmP-io,ioi^] 

- PoQAP>j-ioo{fmp-ioM] 

+ PoQj[P<j-woQ>j-iooifmP-ioM] ^ ' 

+ PoQj[P<3-10QQ<j-10Qf{^)P-lQJQQ>j-100ll^] 



1): PoQj[P>j-ioo{f{^))P-io,ioi^]- reformulate this term as 



PoQ,{J2^-'daPj[da<i>f'mP^loM) (165) 

j>j-100 a=l 



1.1): /'($) at frequency < 2^ and modulation < 2^ 9q$ at modulation 
< 2-'"^°*'; also, ip at modulation < 2^~^'^^. This is the worst possible scenario since 



we cannot introduce higher linearity by iterating lemma 5.6. We will have to resort 
to angular localization: 
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io,ioQ<j"-iooV') 

j>j"-100 <»=i 

3 

Pj+O{l)Q<J-W0^P<j-W0Q<j-lQ0f'i^)] 

j>j-100 '^=1 
^'-104oQ<j"-100''/') 

= PaQ][i / «(2/)-Pj+o(i)<3<i-ioo5a$(a; - y)P<j-woQ<j-wa.f' {'^){x - y)(iy) 
^'-io,ioQ<j-iooV'] 

a{y)PoQj{P-15,15Qj+Oil)[Pj+o{l)Q<3-Woda^{x - y)P~10.1oQ <]-lQ0'4'{x)] 

P<j^iooQ<j^ioof'{'^){x ~ y))dy 



Here a{x) denotes the kernel associated with the operator A ^daPj- 



The reason for reformulating the expression as above is that provided the inputs 
Pj+o{i)Q<j-WQda^{x ~ y), P_io,ioQ<j-ioo'0(a;) of [,] in the last term are microlo- 
calized to a half-space r >< 0, and such that the projection of their Fourier supports 

to are supported on caps ki, K2 respectively, of radius 2'V-~^'', then ±ki, ±K2 
are at distance ~ 2^. The signs are chosen to be +1 for the upper half-space and 
— 1 for the lower half-space. For this simple geometric fact see lemma(13.2) in p6[ . 
Hence we have the identity: 



^'-15,15Qj+0(l) [Pj+Oil)Q<j~if^oda^P-10,loQ<j~100'^P{x)] 

= E E P-15,15Qj+O{l}[Pj+o{l),KQ<j-W0(^a^ 

-P-io,io,K'Q<j_ioo^(2;)] 

= E Yj P-l5,15Qj+O(l)[Pj+O{l),nQ%-1009a^ 

■V- (166) 

P-w,w,.'Q%_^^{x)] 

"E E f'-15,15Qj+O(l)[^3+O(l),K<3<j-100^i* 

=t j-j 

P-io,io..'Qf_.^^^^_,,J{x)] 



Using as usual the bilinear inequality (|4|), we now deduce: 
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XI X! ^-1545Qj+O(l)[^j+O(l),K<3<j-100^a* 



K,K'eK ■ .dist(±K,±n')^2''^ 

P-WAa,K'Q^^_.i'{x)]\\LjLl 



3~3 

~10,dist{K,li')r^2~T~ 



\\P-WAO,±K'Q^^_-i'{x)\\s[0,K 



( ll^-io,io,±.'Q<,wV'(a^)lls[o,K'])^ 

|a-j|<0(l)|b|<0(l) «e-Ffi-l_^^ 

+ ( E ll^-±«Q^ioo<.<.+,w-.o^'^*lli^.i.)^] 

x[( E m^±^Q%-j-,o^\UM)' 

2 

< C23C0C- 



(168) 



Now as to the 2nd term in (166), note that 



II E P-i5,15Qj+0{l)[Pj+0{l),KQ<j-10o9a^ 

K,K.'£K ,dist{±K.,±K')r^2 2 

/'-io,io,.'Q^'L,>.>,_iooV'(a;)]|L2i. 



( E ii^--.io.KQ;=_3.>.>^_,„„V'(-)iii.,o^ 
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By means of Bernstein's and Strichartz' inequality, we know that 



WPkQMLrL^ < C24 2-||<^|U4i4 < C2-2-Ml.li (169) 

Therefore 

II ^ P-15,15Qj+O{l)[Pj+O{l),KQ<j-1009a^ 

P- io,io,«' Qt-j>.>j- 100^ (^)] Wl^li 

i+^WP-. ,n , , IIP n . . __w>ll 1 1 (^'''0) 



<C2-i+^||P.+o(i)0<j-ioo$||^_i.i,..||P-io,ioQ,_,>.>, 



J + 0(1) ^-10,10 



< C2-i+TcoC-. 



We can conclude that 



2*11 PoQj{Y.A-'daPj[da^f'mP-W,lomLlLl 

< ^ C(2^+2^)cjco<Cco 
j>j- wo 



1.2): /'($) at frequency < 2^-'^°° and modulation < 2-'-i°°, at modulation 
> 2J-i°°, V at modulation < 2^-'^°°: 



X] ^0l3j(X! ^ ^5aPj[i9aPj+o(i)(3>j-100^f<j-100Q<j-100/'(^)]-P-10,10Q<j-100V') 
J>j-100 a=l 

3 

^P<j-iooQ<j-ioof'i^)]P-io,ioQ<j-wo'4') 

j>j-100l>j-W0 o=l 



The XQ^'^'°°-norm of this can be majorized by 



C 2*2-^'cj2j'2-52Vco + ^252-^'cj2^'2-^co < Cco 

j>(>j-100 l>j 
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1.3): /'($) has frequency > 2^- 



2i\\A-'daP-[da^P>-_,0if'imP-10S0Q<j-100M\LUl 
3 

<^2i||A-iaaFj[a,$P>j_ioA-i4(5,$/"($))]P_io.ioQ<j-ioo^||L?Lj 

b=l 
3 

b=l 

< C2^co 

by placing da^, 9f,$ into LfL'^, and P-io,ioQ<j-iooV' into L'^Ll. This can be 
summed over j > j — 100. 

1.4): /'($) has frequency between 2^-1"° and 2^'-^°: 



2i\\A-^daP^[da^Pj -100<.<J"1o(/'(*^))]^-1040<3<j-1oV'IIl?L2 
3 

<Y,2i\\A-^daP^[da^P,_,„0<.<]-10^^'db{db'i>nm 
b=l 

-P-io,io'9<j-ioV'IIl?l2 

3 

<Y,2^\A-^daP^[daP^^P^_,00<.<]-10^''d,{d,<i>r{m\\^L^ 
6=1 

\\P-io.iqQ<]-io'4'\\l^li 

3 

<^C2*2-^^||P.a.$|U4^^»||P^_ioo<.<._ioA-i4(a6$r(ci>))|U4^^^ 

b=l 

\\P~w,wQ<j-io'^\\l^li 
< C2^co 

Again this can be summed over j > j — 100 to yield a bound of the required form. 

1.5): /'(<&) has modulation > 2^^^^° and frequency < 2-^"^°°. Split into the cases 
Pj+o{i)Q>3-woda^ and Pj_^q(j)(9<j_ioo9o<5. The first is dealt with as in 1.2), 
taking into account the disposability of the operator P<j-ioo(9>j-ioo- Now 
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2i\\A-'daP^,[P~,+o(i)Q<i-ioo {da^)P<j-imQ>j-iao{f'i^))]P-iojoQ<j-iooip\\L^Ll 

<C2-h^\P.^Oil)Q<J-W0danL^L^\\P<J-100Q>i-100{r{m\L^,L^ 
1 1 -P< J - 100 Q < J - 100 1 1 L~ L2 



where we have used ( |l69| ). Summing over j > j — 100, this case is dealt with as well. 



2): PoQj[-P<i-ioo(9>i-ioo(/($))^'-io,ioV']: This is handled using lemma |5.7|: 



25||PoQj[P<j-iooO>j-ioo(/($))P-io.ioV']||l?lJ 

< C2^\P<,_,ooQ>j-ioo{f{m\L^L^ (172) 

\\P-w,w'<P\\l^li 

<Cco 

3): /oQj[-P<i-iooQ<j-ioo/($)^'-io,ioQ>j-ioo'0]: 

2^||PoQj[-P<j-ioo(5<j-ioo/(*)-P-io,ioQ>i-iooV']||L?Lj 

< C2*||P_io,iog>j-iooV'llL?L^ (1^3) 

< Ceo 

We have simply placed -P<j-ioo'3<j-ioo/('l') into L'^L'^. 
3) 



Finally, we have to deal with the 3rd component of S[0] in the low- high interaction 
case, i.e. we need to estimate 



sup sup \\Po.±.Qi2iifm)\\l[o..])^ (174) 



We split into 4 cases: 

l.a): ip modulation < 2', /($) has frequency < 2'^^" and modulation < 2^^", 
where we have fixed I < —10: 
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SUp( ^ \\Po,±.Q^,,{P<l-loQ<-lo[fmQ<2in\l[0,n])^ 



<sup ^ (^11 Po,±.Qt2i[ip<i-ioQ<-wfm 



^ \a\<0(l) K,eKi K'eKj_io,K'CK 



+ sup ^ II ^ Po [(P</-ioQ<-io/('i>)) 

^ |a|<0(l) kG-R"; K'e/i',_io,K'CK 

-Pa,±K'Q^/>.>Q+2i-2oV']|ls[0,K])'' 

<CSUP ( E ll^'^,±'^'Q<a+2/-20^ll5M)^ 

\a\<0(l) K'GKi-io 

+ CSUP ^ ( Y ll^":±-'<5j/>.>a+2i-20^ll^i.i.i)^ 
|a|<0(l) K'S-ffi-io 

< Ceo 



We have used here the facts that ||/g||s[fe,K] < C'||/||Loo||g||s[fe ||(?:)||s[fe,K] < 
C||0||s[fc'K'] provided k' C K,k — k' + 0{l), as well as the disposability of Po,±kQ<2/ 
and the inequality ||-P/c0||5[fc,K] < C'H-Pfe^H . For these facts, see Also, we 

have used here that microlocalizes to a concentric cap inside k, of half its size. 



l.b): ip has modulation < 2', /($) has frequency < 2'~^° and modulation > 2 "^", 
where we have fixed I < —10: This is much more elementary using lemma 5.7 , 
hence left out. 

2): ip has modulation > 2^' and /($) has frequency < 2'^^": we have 



( E \\Po±.Qt2iip<i-io[fm]Q>2in\i[oM^^ 

< E( E ll^o,±KQ?(P</-io[/(<i>)]Q>2;V')lP. 

r<2l K&Ki ^0 
2^\\P<l-10[fmP-5.5Q>2lM\L^Ll 

r<2l 

< C ^ 25-'co < Ceo 

r<2l 

3): /($) has frequency > 2^-^°: 
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( E \\P0,±.Qt2liP>l-10[f{nP-l0M)\\l[0,.])' 

<CY, ||PoO.^(P>;-io[/(*)]P-io,ioV')l|. 1,1,1 

r<2l ° 
3 

< cE25||EA-i5„P>i_io(5„$/'($))P_io,ioV'llL?L| (177) 

r<2l a=l 

3 

< E C2i-' 1 1 E I ^4^4 I |P-10,10^| \LtLt 
r<2l a=l 

r<2Z 

This finishes the low-high case, and the Proposition is estabhshed. ■ 

Remark : Note that we have proved more than the Proposition states: provided 
that ||PfeVI|s[fe] < I^Ck, \\Pk<i>\\s[k] < Mck, and y/J2k^k ^ "^^ ^^^e that 



\\Pk[f{A-'dj^jM\s[k] < C{Q{Me) + l)iick (178) 

for some polynomial Q{x). This is the statement needed to close the bootstrapping 
argument. 
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Lemma 5.8. (T.Tao): Let j < min(/ci, /cs) + Then 

(179) 

for all Schwartz functions F with Fourier support at frequency and modulation 
2^ while ijj is at frequency 2'^^, 5i,S2 > 0. 

Proof 

We need only prove the high-high interaction case. Proceeding as in Tao's paper, 
we spht into the foUowing cases: 

Rescale to fci = fc2 + 0(1) = 0, whence k < 0(1). Also, let C » 1: 

1) : The estimate for Pk{FQ>j-cip)- 
la): j < lOOfc: 

2-^\\Pk{FQ>j^CmLlLl < 2-*||i^||i2ioo||g>,_cV'llL?L^ 

(180) 

<2-i2'^2-^\\F\\L.i^.M\s[,,] 

where S can be chosen to be i, by the improved Bernstein's inequality (]55|). Clearly 
the gain 2^ makes more than up for the 2^'i-loss. 

lb): j > lOOfc: use Bernstein's inequality to get 

2-4||P,(P,,m,Q>,_cV'llLiL2 < C'2-42^||Pfc(P,,m,g>j_cV^)||iiii 
< 2'=||F||i.i.||Q>,_cV'llL?L2 < 2'=2"i||P||i.i.||V'||5[M (181) 

This is acceptable. 

2) : The estimate for PkQ>j^c{FQ<j-c'4')- 
2a): j < lOOfc: 

2-*2-*||PfcQ>j_c(^^Q<,-c^)||L?L^ <2-*2-*||F||i2i^^||Q<,_cV||L-L^ 
<02-t2-*2^^||F||i.i.||V'||s[M (182) 

Once again, we use that S — j, in order to conclude this case. 
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2b): lOOA; <j< 0(1): 
Use Bernstein's inequality: 

2-h-4||Pfeg>,_c(FQ<,_c^)|U2^j <C2-^2'=2-*||Pfeg>,_c(FQ<,_cV)IU?Li 
<2-i2*=||i^||^.^.||V||s[M (183) 
This is again acceptable. 



3): The estimate for PkQ<j-c{FQ<j-ci^)- this is the only case where we have to 
work a Httle more carefully, and deviate from Tao's proof: note that j < k + 0(1) 
here. The idea in this case is to use the angular separation of the inputs F, Q^j-ci', 
which is obtained from Tao's lemma(13.2) for the "imbalanced case": this allows us 
to conclude that upon localizing F, Q^j-c in caps of size 2~^°2*^2^ , their angular 

j + k 

separation in Tao's signed sense has to be ~ . In particular, fixing such a cap 
for F, there can be at most 0(l)-possible caps for Q^j-c^- Moreover, we can also 
conclude from that lemma that the angular separation between the output and F 

j — k 

is ^ 2~2- . Now utilize the fundamental inequality 

m\\NFA[.] < c jy \ ' j mLfLiMisw,.'] im 

2^dlSt[K,,K') 

to estimate the previous by (letting l\ = — 10, 12 = — 10) 

\\PkQ<o-c{FQ<,-c4>)\\N[k] 

^2-* E( E II E E 

±,±,± K"eK,^ KeK,^, dist{±K", ±k)^2'2 K'eK,^,dist{±K,±K')^2'i 

Pk,."Q%j_c{Pk.,^QfPPk.,^'Q%j-cMlFAW']f^ 

^^2-*-^( [ E WPku^Qtni^.Lii 



<C2hi[2-i\\QjF\\^.^.]{ J2 \\Pk,,±.'Q%+u+k.-20^\\h.,.'])' 
+ 2i \k\2i [2-i I \Q^F\ l^^^j] \\Q,_c>.>i+k+k,-2oPkM . 



(185) 



1 1 

fe2 



where we have discarded the summation over k" on account of the distance condi- 
tion dist{K,' ,k") ~ 2'=. Of course, the above is acceptable. ■ 

Lemma 5.9. (T.Tao) Let (f),ip be Schwarz functions on R^+^. Then letting ki = 
k2 + 0(1) > 0(1), we have 

\\Po[R.Pk,<l>d''PkM\N[o] < C2-"'^\\PkMs[k,]\\PkMs[k,] (186) 
for some d > 0. 
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Proof We only have to prove this high-high interaction case. As usual, we split 

■ i i OO 

into the cases corresponding to large modulations of the inputs, when the ' ^ ' - 
component becomes effective, and small modulations of the inputs, when the Qq- 



structure and lemma 3.3 kick in. 



1): Po[RyPkiQ>k^+ioQ4>d''Pk2Q<k2-imi'\- 



I FO [i?!/ ft 1 Q > fci + 100 '/>9'^ ft 2 Q < fe2 - 100 V'] I I ^ , - i . 1 



(187) 



< ll^oQ;+o(i)[i?.ftiQi0a'^ft2Q<fc2-ioo^]||^i.-i.i 
;>fci+ioo ° 

< C2--2\\R,Pk,Ql^\\L2Ll\\d''Pk,Q<k,-10QM\LrLl 

;>fei+ioo 

< Y C2-h-h-"'^\\PkMs[k,]2'^\\PkMs[k.] 

i>fci + 100 

<C2-'=Hlft.,0||s[fe,lllft2^lls[M 

2) : Po [R,Pk, Q>fe,+ioo0a''ft2 Q>fe2-iooV'] : 

1 1 ft [iJi^fti Q>fci+ioo09''Pfe2 Q>fc2-iooV'] I II; Li 

< C\\R^Pk,Q>ki+ioa(l)\\^Ll\\d''Pk2Q>k2^ioo'4'\\^Ll (188) 

< C2-'^^\PkMsik,]\\PkMs[k2] 

3) : Po[R^PkiQ<ki+ioo(f>d''Pk2Q>k2+20oi^]- This is like case 1). 



4): Po[RuPkiQ <ki+ioo(t>d'^ Pk2Q <k2+200ip]- Use the Qo-structure to reduce this to 
the estimation of the following terms: 



4.1): □ft[ftiQ<fci+ioo v^fc2Q<fc2+200''/']: 



1 1 [ft-i (3<fci + 100 ^ft2 '3<fe2+200l/'] I U[0] 

< ||nPoQ<fei+20o[ftiQ<fei+100:^ft2'3<fc2+20oV']ll^^,-^,i ^^^^-^ 



<C2-+||ft,(/.||i4i.||Pfc,^||i4^. 

<C2-^||P,,(/.||s[fe,]||Pfe2V'lls[fe2] 



4.2): Po[PfeiQ<fci+ioo^ft2'3<fe2+200'/']: use lemma U to conclude that 
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-Pfc2Q<fc2+200^]||Ar[0] 



1 , oo 1 1 -Pfc2 < fe2 +200 V' 1 1 S [fes] 



(190) 



4.3): Po[-PfciQ<fci+ioo-|-PfeQ<fe+20onV']: this is similar to the preceding case. ■ 
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